1. Introduction {#sec1}
===============

Förster resonance energy transfer (FRET) experiments monitor the energy migration from a donor, D, to an acceptor fluorophore, A. The rate constant of a FRET process depends directly on the DA distance and the dye's orientation^[@ref1]^ so that the measurements of FRET are often used as a spectroscopic ruler.^[@ref2]^ FRET experiments are most sensitive in a distance range 20 to 150 Å qualifying them as a molecular ruler for macromolecules,^[@ref2]^ that has frequently been used to determine DA distance distributions,^[@ref3]−[@ref9]^ structural models,^[@ref2],[@ref10]−[@ref17]^ and dynamic features^[@ref18],[@ref19]^ of biomolecules. In the case of flexible tethered dyes, the position of the labels is variable so that the fluorescence is additionally influenced by the dye's diffusion and collisional quenching by their local environment.^[@ref20]^

Depending on the complexity of the sample, FRET experiments can be applied for single-molecule, subensemble (selectively averaged single-molecule events), and ensemble studies in a cuvette or in living cells. Intensity-based ensemble FRET measurements are popular because they are easy to perform as outlined below. However, if the molecular system is heterogeneous (e.g., due to different conformations and complex structures, respectively), one has to be aware that these experiments yield only average observables due to ensemble averaging over the mixture. Additionally, it is crucial for accurate results that the sample is carefully characterized with respect to its purity, its degree of labeling, its homogeneity, and the fluorescence quantum yields of fluorophores.^[@ref21]^ One possibility to overcome ensemble averaging are single-molecule FRET studies that are widely used nowadays.^[@ref22]−[@ref24]^ They have the key advantage in that they allow one to resolve distributions of FRET observables and to obtain kinetic information at the same time. In this way, static (multiple distinguishable static states) and dynamic (interconverting states) heterogeneities can be directly identified. The achievable time resolution of single-molecule fluorescence spectroscopy can be limited by instrumental factors^[@ref25],[@ref26]^ and/or by the photon flux of individual fluorophores.^[@ref27],[@ref28]^ Thus, it is advantageous to employ additional complementary fluorescence methods such as time-resolved fluorescence spectroscopy that can exploit further information on the system heterogeneity contained in the time dependence of the fluorescence intensities. The temporal resolution of these experiments reaches the ultimate limit set by the fluorescence lifetime of the donor fluorophore which is sensitive to its environment.

In the following sections, we compare the key concepts and limitations of intensity-based and time-resolved FRET experiments so as to become aware of the common principles and to take advantage of the specific strengths of each approach.

1.1. Intensity-Based FRET Measurements {#sec1-1}
--------------------------------------

The fundamental characteristic of FRET processes is the rate constant of dipolar coupling between the involved donor and acceptor dye. Experimentally, steady-state fluorescence intensities contain information on this rate constant. However, they depend additionally on sample concentrations and dye-specific fluorescence properties. To eliminate such unwanted dependencies, fluorescence properties of the dyes are characterized and considered by reference samples, and fluorescence intensities are combined to relative quantities. Usually, FRET processes are described by their average yield, referred to as FRET efficiency, *E*. It is defined by the fraction of donor dyes which transferred energy due to FRET to acceptor dyes with respect to all excited donor dyes. There are five main methods to derive FRET efficiencies from experimental observables. FRET efficiencies can be determined from: (1) the fraction of FRET-sensitized acceptor fluorescence to the total donor and acceptor fluorescence (*classical* method), (2) the enhancement of acceptor fluorescence ((ratio)~A~ method^[@ref21]^), (3) the decrease of the donor fluorescence quantum yield by FRET ((ratio)~D~ method^[@ref21]^), (4) the reduction of the donor's fluorescence lifetime, or (5) changes in the anisotropy of the donor and acceptor, respectively, as an alternative observable for changes of the fluorescence lifetime.

The most popular approach to determine *E* is method 1, which monitors the donor fluorescence intensity, , and the FRET-sensitized acceptor fluorescence intensity, . With these fluorescence intensities, the yield of the FRET process can be determined by

The subscript D\|D symbolizes donor detection (**D**\|D) given donor excitation (D\|**D**), and A\|D corresponds to acceptor detection given donor excitation. The superscripts refer to the sample: DA represents an FRET sample, containing a donor and an acceptor; D0 and A0 are samples solely containing a donor and acceptor fluorophore, respectively; *F* stands for fluorescence intensities corrected for the quantum yield, Φ~F~, of the dyes.^[@ref24]^ The [Abbreviations](#sec5){ref-type="other"} section ([Table [2](#tbl2){ref-type="other"}](#tbl2){ref-type="other"}) provides a comprehensive list of symbols with descriptions used throughout this paper. The donor, , and acceptor, , fluorescence intensities must be distinguished from the measured signals. For the determination of and , numerous corrections and calibrated instruments are needed.^[@ref21]^ Full expressions relating measured signal intensities to absolute FRET efficiencies are given in [Section [3.1](#sec3-1){ref-type="other"}](#sec3-1){ref-type="other"}.

The alternative ratiometric approaches ([eqs [2](#eq2){ref-type="disp-formula"}](#eq2){ref-type="disp-formula"} and [3](#eq3){ref-type="disp-formula"}) monitor the fluorescence of a direct excited and FRET-sensitized acceptor and the fluorescence of a donor in the absence and the presence of FRET, respectively. These approaches have the advantage to eliminate dependencies on spectral sensitivities of the measurement instrument and the fluorescence quantum yield of the dyes.^[@ref21]^ For example, measuring the donor fluorescence intensity in the presence, , and in the absence, , of an acceptor, the FRET efficiency is given by a relative difference:

A disadvantage of this donor-based method is the need for a separate reference sample, i.e., a sample, (D0), singly labeled with a donor dye in addition to the doubly labeled FRET sample, (DA).

1.2. Time-Resolved FRET Measurements {#sec1-2}
------------------------------------

Time-resolved measurements are an attractive alternative to intensity-based *in vitro* FRET measurements for several reasons.^[@ref3]−[@ref8],[@ref18]^ (1) Without instrumental calibrations, the FRET efficiency can be accurately determined from the slope of the fluorescence decay characterized by the excited state lifetime τ of the donor. The slope is a relative observable so that the difficult determination of calibration factors for the spectrally dependent instrumental sensitivity become expandable ([eq [1](#eq1){ref-type="disp-formula"}](#eq1){ref-type="disp-formula"}, and [Section [3.1](#sec3-1){ref-type="other"}](#sec3-1){ref-type="other"}). (2) The curvature of the decay curve also provides information on the heterogeneity of a FRET ensemble by detecting multiple decay components (*j*) with the species fractions and specific rate constants for FRET, . In this way, a donor--acceptor distance distribution can be directly resolved without an intermediate calculation of FRET efficiencies, provided that the distinct species live longer than the donor lifetime (usually a few nanoseconds for most small organic fluorophores). Moreover, the analysis of a fluorescence decay also yields an important average parameter: the species fraction weighted average fluorescence lifetime, ⟨τ⟩~*x*~, which is proportional to the fluorescence intensity of the sample.^[@ref29]^ Hence, two observables, the average lifetime of a donor in the absence, , and in the presence of FRET, , allow for computation of the average steady-state FRET efficiency analogous to [eq [2](#eq2){ref-type="disp-formula"}](#eq2){ref-type="disp-formula"}:

\(3\) Fluorescent probes that are flexibly tethered to biomolecules can be affected by their brightness and mobility so that distinct dye species often exist as shown below. Thus, time-resolved FRET measurements are mandatory for an accurate FRET analysis so that species averaging is avoided and the distinct dye species are treated separately. (4) Time-resolved fluorescence measurements are essentially independent of the sample concentration. Therefore, a precise control of DA concentrations, which is essential in intensity-based approaches, is unnecessary. However, varying the ratio of the donor to acceptor labeled molecules in intermolecular FRET studies of biomolecular complexes also allows analysis of the complex stoichiometry.^[@ref30]^ (5) Finally, we want to stress the synergy of simultaneous intensity-based and time-resolved FRET analyses in single-molecule studies,^[@ref31],[@ref32]^ so that the lack of correlation of both methods within an analysis time window readily detects the presence of dynamic averaging of FRET observables without the need of a complex kinetic analysis by FCS, ([@ref26],[@ref33]) dynamic photon distribution analysis (dynPDA),^[@ref31]^ and recoloring of photon trajectories by a maximum likelihood function,^[@ref34],[@ref35]^ respectively. (6) Time-resolved measurements are additionally attractive as a robust method to study molecular ensembles in living cells by FRET^[@ref36]^ using fluorescence lifetime microscopy (FLIM)^[@ref37],[@ref38]^ or multiparameter fluorescence image spectroscopy (MFIS).^[@ref39]−[@ref45]^ In multiparameter fluorescence detection (MFD), a whole set of parameters, such as the time-resolved anisotropy and fluorescence lifetimes, can be simultaneously determined by efficient estimators even if the numbers of detected photons are small.^[@ref46]−[@ref49]^ The knowledge of all fluorescence parameters allows one to optimize the precision and accuracy of FRET studies.

1.3. Resolving Heterogeneities {#sec1-3}
------------------------------

FRET efficiencies report on average sample properties. Therefore, homogeneous samples are mandatory in ensemble measurements to correctly relate FRET efficiencies to molecular structural models.^[@ref2],[@ref12],[@ref13],[@ref17]^ Single-molecule (sm) techniques overcome these limitations and may be applied to heterogeneous samples.^[@ref10],[@ref11],[@ref50]−[@ref53]^ However, heterogeneity of highly dynamic molecules may be overlooked, if the integration time, limited by count rate of the experiment, is longer than the time scale of dynamics.^[@ref54]^ This limitation is circumvented by analysis of the fluctuation in sm-experiments,^[@ref26],[@ref55]^ and by time-resolved fluorescence measurements of molecular ensembles or subensembles.

Time-resolved fluorescence measurements resolve an ensemble of molecules by recording cumulative fluorescence intensity decay curves as opposed to average fluorescence intensities. These decay curves contain fluorescence lifetime characteristics of all ensemble members.^[@ref29]^ Thus, a careful analysis of these decays by appropriate models and references reveals heterogeneities of FRET parameters, such as FRET rate constants, *k*~RET~, and corresponding species fractions. Mainly, fluorescence decays of donors in the presence of FRET are jointly (also referred to as globally) analyzed with fluorescence decays of donors in the absence of FRET.^[@ref3]−[@ref8]^ However, contrary to steady-state experiments, which typically represent experimental data intuitively by FRET efficiencies, no established intensity-independent quantifier for time-resolved FRET experiments exists. Hence, a set of fluorescence decay curves is used to communicate experimental results^[@ref3]−[@ref8],[@ref18]^ so that the effects of FRET are hard to recognize and the concept of the joint analysis of the decay curves is not captured visually.

1.4. Sample-Dependent Fluorescence Properties {#sec1-4}
---------------------------------------------

In addition to an efficient global analysis of multiple curves, which will be introduced in [Section [2.1](#sec2-1){ref-type="other"}](#sec2-1){ref-type="other"}, complex (nonexponential) fluorescence decays of donor reference samples, usually stemming from heterogeneities of the tethered dye's local environment, must be considered. It is generally known, but often unconsidered in the analysis of fluorescence decays, that the properties of the dyes used to measure FRET are dependent on the dye's local environment. This results in a sample-to-sample variation of the dye's fluorescence characteristics. Such variations are shown in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}A for the two frequently used dyes Alexa488 and Alexa647 attached to several proteins measured in our laboratory. For both dyes, we often found complex fluorescence decays, which we formally describe by multiexponential decays (see [Tables S1](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf) and [S2](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)). As the fluorescence quantum yield, Φ~F~, of the bright species is proportional to the species average of the lifetimes, ⟨τ⟩~*x*~, we can approximate Φ~F~ by the ratio of the average fluorescence lifetime to the radiative lifetime, ⟨τ⟩~*x*~/τ~F~. In this way, the experimental Φ~F~ can be compared with the theoretically predicted value obtained by Brownian dynamics simulations of a coarse-grained dye (see [Section [2.2.2](#sec2-2-2){ref-type="other"}](#sec2-2-2){ref-type="other"}). For the cyanine dye Alexa647 we found ⟨τ⟩~*x*~ ranging from 1.0 to 1.8 ns (see [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}A). For the xanthene dye Alexa488 we found ⟨τ⟩~*x*~ values between 2.6 and 4.2 ns (see [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}A). We attribute these variations to the dye's local environment, which is determined by the surface of the proteins. Xanthene dyes are known to be quenched by the side chains of electron rich amino acids on the protein surface by photoinduced electron transfer (PET).^[@ref58]−[@ref61]^ For tethered Alexa488, the quenched fraction ranges approximately between 5% and 30% which correlates with an increase of the residual anisotropy. The fluorescence intensity decays of the Alexa488 samples were formally resolved into two components τ~1~ and τ~2~ with the respective fractions *x*~1~ and *x*~2~ = 1−*x*~1~ to highlight the quenched dye species ([Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}B).

![Fluorescence properties of the dyes Alexa488 and Alexa647 tethered to proteins are sample-dependent due to variations of the local dye environment. Average fluorescence lifetimes, ⟨τ⟩~*x*~, and residual anisotropies, *r*~*∞*~, of the fluorophores Alexa647 and Alexa488 attached via maleimide or hydroxylamine click chemistry to different amino acids of various proteins (human guanylate binding protein 1, T4 lysozyme, postsynaptic density protein 95, lipase foldase of *Pseudomonas aeruginosa* and the cyclin-dependent kinase inhibitor 1B). (A) For each sample, the species weighted averaged lifetime ⟨τ⟩~*x*~ and *r*~*∞*~ are shown as dots overlaid by a Gaussian kernel density estimation.^[@ref56]^ The fluorescence parameters are compiled in [Table S1](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf) for Alexa647 and in [Table S2](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf) for Alexa488 together with individual fluorescence lifetimes from a detailed decay analysis. Using radiative lifetimes of τ~F~ = 3.1 ns and τ~F~ = 4.5 ns for Alexa647^[@ref57]^ and Alexa488, respectively, the relative brightnesses, ⟨τ⟩~*x*~/τ~F~, were calculated. The average values of all Alexa647 and Alexa488 samples are ⟨τ⟩~*x*~/τ~F~ = 0.43 ± 0.07 and ⟨τ⟩~*x*~/τ~F~ = 0.76 ± 0.11, respectively. The average residual anisotropies of Alexa647 and Alexa488 for all samples are ⟨*r*~*∞*~⟩ = 0.25 ± 0.07 and ⟨*r*~*∞*~⟩ = 0.18 ± 0.05, respectively. (B) The fluorescence intensity decays of the Alexa488 samples were formally resolved into two components τ~1~ and τ~2~ with the respective fractions *x*~1~ and *x*~2~ = 1 -- *x*~1~. For each sample the lifetimes and fractions are shown as open circles overlaid with a Gaussian-kernel density estimation (green). The average lifetimes of the populations are τ~1~ = 3.9 ± 0.2 ns and τ~2~ = 1.0 ± 0.5 ns with species fractions of *x*~1~ = 0.8 ± 0.1 and *x*~2~ = 0.2 ± 0.1, respectively. The presented data are summarized in [Table S2](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf).](jp-2017-03441z_0015){#fig1}

Cyanines are more sensitive to solvent effects and steric constraints.^[@ref62]−[@ref68]^ Obviously, a relation between steric constraints and the brightness of Alexa647 results in a positive correlation (Pearson's ρ~P~ = 0.8) of the residual anisotropy, *r*~∞~, with ⟨τ⟩~*x*~ (see [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}A), which confirms similar observations of immobile and bright Cy5 subpopulations in single-molecule confocal MFD experiments.^[@ref69]^ This sensitivity can be utilized to sense interactions of proteins and nucleic acids by single fluorophores^[@ref70]−[@ref72]^ and causes a broadening of FRET efficiency histograms beyond the shot noise in single-molecule measurements.^[@ref69]^

1.5. Sample-Specific References {#sec1-5}
-------------------------------

According to [eqs [1](#eq1){ref-type="disp-formula"}](#eq1){ref-type="disp-formula"}--[3](#eq3){ref-type="disp-formula"}, the consideration of sample-dependent fluorescence properties of the dyes is mandatory for accurate FRET measurements. Thus, a suitable pair of samples for DA and D0 must be studied. While averaged fluorescence quantum yields calibrate intensity-based measurements for absolute average FRET efficiencies ([eq [1](#eq1){ref-type="disp-formula"}](#eq1){ref-type="disp-formula"}), decay shapes of the dyes in the absence of FRET must be considered in the analysis of fluorescence decays. Donor fluorescence decays are often multiexponential, even in the absence of FRET (see [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}B and [Table S2](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)). Usually, the physical causes for complex fluorescence decays, i.e., the effects of the dye's environments, are not explicitly considered in the analysis.^[@ref3]−[@ref8]^ Currently, there are extensive studies for developing appropriate dye models for accurate FRET-based structural modeling.^[@ref8],[@ref11],[@ref73]−[@ref77]^ The data in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"} indicate that a model with a primarily mobile dye is more consistent with the experiments than a model with a static (fixed position) dye. To the best of our knowledge, the resulting uncertainties of such approximations, with respect to the precision and accuracy of FRET-derived distances, were not quantified so far.

1.6. Overview {#sec1-6}
-------------

For the accurate analysis of fluorescence decays, we introduce a general framework ([Section [2](#sec2){ref-type="other"}](#sec2){ref-type="other"}). We perform a detailed error analysis of recovered donor--acceptor distances and apply this framework to simulated fluorescence decays of protein structures. This answers the question regarding how precise distances are recovered by time-resolved FRET measurements ([Section [3](#sec3){ref-type="other"}](#sec3){ref-type="other"}).

In detail, we present the fundamental principles of time-resolved FRET measurements ([Sections [2.1.1](#sec2-1-1){ref-type="other"}](#sec2-1-1){ref-type="other"} and [2.1.2](#sec2-1-2){ref-type="other"}) at first and introduce a graphical representation for time-resolved FRET measurements which captures the essence of joint/global analysis of reference and FRET samples ([Section [2.1.3](#sec2-1-3){ref-type="other"}](#sec2-1-3){ref-type="other"}). Using this representation, we demonstrate how to interpret fluorescence decays to obtain DA distances visually ([Section [2.1.4](#sec2-1-4){ref-type="other"}](#sec2-1-4){ref-type="other"}). Next, we extend our analysis method to consider partially quenched donors ([Section [2.1.5](#sec2-1-5){ref-type="other"}](#sec2-1-5){ref-type="other"}). We describe these cases by heterogeneous models, meaning that donor species with differing fluorescence properties are quenched by distinct FRET rate constants. Such cases may be important when a macromolecule adopts conformations with significantly different fluorescence properties of the dyes. We show that homogeneous models, used in numerous experimental studies,^[@ref3],[@ref5]−[@ref7]^ are a special case of more general heterogeneous models ([Section [2.1.5](#sec2-1-5){ref-type="other"}](#sec2-1-5){ref-type="other"}). To relate our analysis framework to physical models, we introduce fast numerical methods for the simulation of fluorescence and FRET of dynamically quenched dyes flexibly attached to proteins ([Section [2.2](#sec2-2){ref-type="other"}](#sec2-2){ref-type="other"}). Using these simulation methods, we discuss the influence of diffusion ([Section [2.2.3](#sec2-2-3){ref-type="other"}](#sec2-2-3){ref-type="other"}) and dynamic quenching ([Section [2.2.3](#sec2-2-3){ref-type="other"}](#sec2-2-3){ref-type="other"}) on FRET. Finally, we study the precision and accuracy of DA distances recovered from time-resolved fluorescence measurements ([Section [3](#sec3){ref-type="other"}](#sec3){ref-type="other"}). Previous studies focused on statistical limits in resolving fluorescence lifetimes.^[@ref46],[@ref47]^ Our analysis considers the accuracy and precision for intensity and time-resolved FRET measurements of single DA distances ([Section [3.1](#sec3-1){ref-type="other"}](#sec3-1){ref-type="other"}), approximation errors of the homogeneous model for flexibly tethered dynamically quenched dyes ([Section [3.2](#sec3-2){ref-type="other"}](#sec3-2){ref-type="other"}), and resolution limits of DA distances set by the shot noise of the experiment ([Section [3.3](#sec3-3){ref-type="other"}](#sec3-3){ref-type="other"}). Overall, our uncertainty estimates set clear limits of DA distances studied by time-resolved fluorescence measurements, and our approximation analysis of the homogeneous model demonstrates that average DA distances for single protein conformations can be recovered with an accuracy better than 2.0% ([Section [3.2.1](#sec3-2-1){ref-type="other"}](#sec3-2-1){ref-type="other"}).

The presented methods are generally applicable to fluorescence decays recorded by time-correlated single photon counting (TCSPC) on the ensemble^[@ref3],[@ref5]−[@ref7]^ and subensemble^[@ref11]^ level using regular spectrometers or confocal microscopes.^[@ref37]−[@ref45],[@ref78]^

Finally, we want to mention that this paper is restricted to singlet--singlet energy transfer between a donor and a spectrally red-shifted acceptor (hetero-FRET). Nevertheless, the general concepts for data analysis and molecular interpretation presented here can also be applied to FRET between equals^[@ref79]−[@ref81]^ (homo-FRET). In this case, however, this process must be monitored via the fluorescence anisotropy of the labels, because in an ideal case their fluorescence intensities are not changed by homo-FRET unless "similar" fluorophores with distinct fluorescence lifetimes are used.^[@ref82]^

2. Concepts and Results {#sec2}
=======================

2.1. Time-Resolved Fluorescence {#sec2-1}
-------------------------------

### 2.1.1. Basic Definitions {#sec2-1-1}

Time-resolved fluorescence measurements record fluorescence signals relative to an excitation pulse with picosecond resolution. Ideally, the time-dependent fluorescence intensity at the time *t* since excitation *f*(*t*) is proportional to the radiative rate constant of fluorescence *k*~F~ and the time-dependent population of the fluorescent excited electronic state *p*(*t*):

In practice, recorded signal intensities depend on the intensity of excitation, the fluorescence quantum yield of the state, detection efficiencies of the experimental setup, and spectral cross-talks. However, as usual mainly decay *shapes* are analyzed, proportionality factors relating *p*(*t*) to *f*(*t*) are often omitted. Below is briefly outlined how to obtain *p*(*t*) for the simplest possible system.

A system composed of a single donor, D, and acceptor, A, with single ground (D, A) and excited states (D\*, A\*) each, can be described by four distinct states: DA, D\*A, DA\*, D\*A\*.^[@ref78]^ The time-dependent population of these states is determined by the excitation rate constant of the donor, *k*~ex~, the rate constant of energy transfer from D to A, *k*~RET~, and the depopulation rate constants *k*~D~ and *k*~A~ of the donor and the acceptor, respectively. If *k*~ex~ ≪ *k*~RET~, the D\*A\*-state can be neglected, and a rate scheme as depicted in [Figure [2](#fig2){ref-type="fig"}](#fig2){ref-type="fig"} applies. Next, if a pulsed excitation is used and the repetition rate of the excitation pulses is low enough, the ground state DA can also be ignored, and only the excited states D\*A and DA\* have to be considered. Under these conditions, the change of the population probabilities of the state D\*A, *p*~D\|D~(*t*), and the state DA\*, *p*~A\|D~(*t*), following an excitation of the donor (designated by the right side of the subscript: \|D) is described by

![Set of rate constants for the excitation of the dyes, their de-excitation, and FRET that defines the time-dependent fluorescence decays. Definition of states and rate constants of a system composed of a single donor, D, and acceptor, A, excited by a single photon. The asterisk (\*) indicates an excited fluorophore: D\*A (excited donor, ground state acceptor), DA\* (excited acceptor, ground state donor), and DA (ground state donor, ground state acceptor). *k*~ex~ is the rate constant of excitation; *k*~D~ and *k*~A~ are the rate constants of deactivation of the excited donor and acceptor state, and *k*~RET~ is the rate constant of energy transfer from D to A. *k*~D~ and *k*~A~ are the sums of the respective radiative rate constant of fluorescence *k*~F~, internal conversion *k*~IC~, intersystem crossing *k*~ISC,~ and the quenching rate constant *k*~Q~. *k*~Q~ depends on the local environments of the dyes. *k*~F~, *k*~ISC~, and *k*~IC~ are dye-specific and joined in the constants *k*~0~.](jp-2017-03441z_0016){#fig2}

The solution of these equations for the initial condition *p*~D\|D~(0) = 1 and *p*~A\|D~(0) = 0 is given by

By combining [eq [6](#eq6){ref-type="disp-formula"}](#eq6){ref-type="disp-formula"} with [eq [4](#eq4){ref-type="disp-formula"}](#eq4){ref-type="disp-formula"} the expected time-resolved fluorescence intensities of the donor and acceptor are obtained.

### 2.1.2. Distance Dependence {#sec2-1-2}

The Förster equation describes the distance and orientation dependence of the rate constant of energy transfer, *k*~RET~, due to dipolar coupling between D and A.^[@ref1]^ It depends on the sixth power of the distance between donor and acceptor, *R*~DA~*:*

Herein, *R*~0~ is a characteristic distance, referred to as Förster radius. This classical definition of the rate constant of energy transfer has two disadvantages: (1) the effect of the mutual fluorophore orientation, accounted by the orientation factor κ^2^ is implicit; (2) both *R*~0~ and *k*~*D*~ depend on the fluorescence quantum yield, Φ~F,D~, while *k*~RET~ actually depends only on the radiative rate constant of fluorescence, *k*~F,D~, and is independent of donor quenching.^[@ref36],[@ref83]−[@ref85]^ This causes uncertainties, as *R*~0~ is often not reported together with the corresponding Φ~F,D~. To avoid such complications, we define a reduced "spectral" Förster radius, *R*~0*J*~, a function of the refractive index of the medium, *n*, and the spectral overlap integral, *J*, of the donor fluorescence and the acceptor absorption spectrum (wavelength λ in nm; extinction coefficient in mol^--1^ dm^3^ cm^--1^):

Such a Förster radius is independent of orientation effects (i.e., κ^2^) and the sample-specific quenching of the donor dye (i.e., Φ~F,D~). Furthermore, the corresponding Förster equation emphasizes the physical dependence of *k*~RET~ on κ^2^:

Additional advantages include the clearly separated orientation effects and the reduced ambiguity with respect to Φ~F,D~.

As D and A may rotate after excitation of the donor, the expected κ^2^ is generally characterized by a time-dependent distribution, *p*(κ^2^, *t*). In this paper, we focus on flexible coupled organic dyes which rotate quickly compared to the FRET rate constant. Thus, we approximate *p*(κ^2^, *t*) by the dynamic isotropic average ⟨κ^2^⟩ *=*^2^/~3~ and use for convenience the classical definition of a Förster radius, *R*~0~, which assumes isotropically oriented dipoles (κ^2^ = ^2^/~3~), and a reduced Förster radius, *R*~0,r~ (*R*~0~^6^ = *R*~0r~^6^·Φ~F,D~ = *R*~0*J*~^6^·Φ~F,D~·^2^/~3~). For accurate interpretations of time-resolved FRET measurements in live-cell measurements,^[@ref45]^ with slowly rotating fluorophores, e.g., fluorescent proteins with a rotational correlation time of ∼16 ns,^[@ref86],[@ref87]^ the static orientation factor distribution as proposed by Haas and Steinberg and Hochstrasser et al. can be considered.^[@ref3],[@ref88]^

### 2.1.3. Definition of the FRET-Induced Donor Decay {#sec2-1-3}

Time-resolved measurements require references, similarly to steady-state measurements, which utilize either internal ([eq [1](#eq1){ref-type="disp-formula"}](#eq1){ref-type="disp-formula"}) or external ([eq [2](#eq2){ref-type="disp-formula"}](#eq2){ref-type="disp-formula"}) references for absolute FRET efficiencies. In time-resolved measurements, decay *curves* serve as references. Unfortunately, no widespread time-resolved absolute measure for FRET exists. Such a time-resolved measure should: (1) be independent of absolute fluorescence intensities, (2) be derivable from experimental observables, (3) recover steady-state FRET efficiencies by fluorescence weighted integration, and (4) behave analogously to the time-resolved anisotropy, *r*(*t*), to take advantage of existing global analysis approaches.

The FRET process can be described from the perspective of the donor or acceptor, which can be considered as an educt or product, respectively. The FRET efficiency describes the FRET process as a yield defined by the fraction of excited donors that transferred energy to an acceptor. Van der Meer *et al.* used this concept to describe FRET from the perspective of the product, by introducing the "time-resolved FRET efficiency", TRE, obtained by replacing the steady-state fluorescence intensities, *F*, in [eq [2](#eq2){ref-type="disp-formula"}](#eq2){ref-type="disp-formula"} by time-resolved fluorescence intensities, *f*(*t*).^[@ref89]^ Note that the TRE is not an *efficiency* in the sense of a yield of a process (see [Supporting Information, Note S2](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)). Conceptually and experimentally, it is simpler to quantitate FRET from the viewpoint of the donor, as by time-resolved fluorescence intensities the quenching of the donor by FRET is *directly* monitored. The measure of FRET can be defined as the ratio of the donor fluorescence decays in presence, , and in the absence, , of FRET:

We refer to this ratio as the FRET-induced donor decay as it quantifies the quenching of the donor by FRET. The TRE and ε~D~(*t*) are analogous (TRE = 1 -- ε~D~(*t*)). However, ε~D~(*t*) relates directly to :

This factorization was originally introduced by Förster^[@ref90]^ and is often implicitly used.^[@ref3]−[@ref8],[@ref91]^ Nevertheless, experimental data are rarely represented by such a ratio, and are only occasionally used in theoretical papers.^[@ref85]^ In a theoretical paper, van der Meer and Gratton displayed time-resolved data by such a ratio,^[@ref92]^ without stressing its fundamental relevance.

#### Analogies between ε~D~(*t*) and Time-Resolved Anisotropies {#sec2-1-3-1}

Using ε~D~(*t*), the FRET efficiency is obtained by a weighted fluorescence integration:

In this sense, ε~D~(*t*) behaves exactly as the time-resolved anisotropy, *r*(*t*). An additional analogy to *r*(*t*) is that two observables are used to derive an intensity-independent, time-resolved quantity: *r*(*t*) is given by the difference of the parallel and perpendicular fluorescence decays, normalized by the total fluorescence decay; ε~D~(*t*) is given by the donor fluorescence intensity in the presence of FRET normalized by its intensity in the absence of FRET. The anisotropy decay, *r*(*t*), describes the time scale and degree of depolarization, while ε~D~(*t*) describes the time scale of FRET and the fraction of chromophores undergoing FRET. [Table [1](#tbl1){ref-type="other"}](#tbl1){ref-type="other"} summarizes further analogies, which make the rich knowledge developed for the analysis of fluorescence anisotropies^[@ref93]^ available for FRET. An experimental difference from fluorescence anisotropies is that and are recorded using separate samples. Thus, their relative amplitude is usually undefined and has to be determined by analysis of the decay curves. This is particularly problematic for samples with high FRET efficiencies and instruments with broad instrumental response functions, because experimental nuisances, i.e., scattered light and time-shifts of the detector, may be mistaken for high FRET and *vice versa*. To overcome such problems, steady-state measurements of FRET efficiencies on calibrated instruments may be combined with time-resolved experiments via [eq [12](#eq12){ref-type="disp-formula"}](#eq12){ref-type="disp-formula"} to determine a relative amplitude of and .

###### Formal Analogy of the Description of FRET and Anisotropy for Homogeneous Quenching/Rotation in the Absence of Conformational Dynamics[a](#tbl1-fn1){ref-type="table-fn"}

  observables                                                 FRET                                                                 anisotropy
  ----------------------------------------------------------- -------------------------------------------------------------------- ------------
  specific fluorescence intensity decays                      *f*~D\|D~^(DA)^(*t*)                                                 
  *f*~D\|D~^(D0)^(*t*)                                                                                                             
  intensity-independent quantifier                                                                                                 
  species fraction of no FRET molecules/residual anisotropy   *x*~noFRET~                                                          *r*~*∞*~
  direct interpretation of intensity-independent quantifier   ε~D~(*t*) = *x*~noFRET~+∑*~i~x*~RET~^(*i*)^e^--*k*~RET~^(*i*)^*t*^   
  steady-state quantifier by time-resolved measurements                                                                            
  derived steady-state values for single exponential decays                                                                        

*E* is the FRET efficiency [eq [1](#eq1){ref-type="disp-formula"}](#eq1){ref-type="disp-formula"}; *k*~RET~ is the rate constant of the FRET process [eq [9](#eq9){ref-type="disp-formula"}](#eq9){ref-type="disp-formula"}. τ~D(0)~ = 1/*k*~D~ is the lifetime of the donor in the absence of an acceptor, and τ~D(A)~ = 1/(*k*~D~ + *k*~RET~) is the lifetime of the donor in the presence of an acceptor. ε~D~(*t*) is the FRET-induced donor decay. The letters V (vertical) and H (horizontal) represent the polarization of the excitation (first letter) and detection (second letter), respectively. Ideally, the time-resolved anisotropy decay *r*(*t*) is obtained by the difference *f*~Δ~ and the sum *f*~∑~ of the experimental measurable intensity decays *f*~VV~ and *f*~VH~. *r* is the steady-state anisotropy. ρ is the rotational correlation time.

It does not follow from its definition by [eq [10](#eq10){ref-type="disp-formula"}](#eq10){ref-type="disp-formula"} that ε~D~(*t*) solely depends on FRET. Nevertheless, it is a common approximation, which implies that FRET and donor quenching are uncorrelated. This means that in a mixture of distinct donors all donors are quenched by the same FRET rate constants. For this reason, we refer to such a case as "homogeneous". Notably, an equivalent approximation is frequently used for the analysis of time-resolved anisotropy decays.^[@ref94]^ Even though such homogenous models are frequently used, their limits of are rarely pointed out. Below in [Section [2.1.4](#sec2-1-4){ref-type="other"}](#sec2-1-4){ref-type="other"}, we demonstrate that homogeneous models applied to heterogeneous data may result in significant errors if minorly populated states are studied. Still, the ratio ε~D~(*t*), defined by [eq [10](#eq10){ref-type="disp-formula"}](#eq10){ref-type="disp-formula"}, expresses the joint analysis of the donor reference and the FRET sample in an elegant fashion. Hence, we suggest using ε~D~(*t*) as a time-dependent quantifier for FRET similarly as the time-resolved anisotropy, *r*(*t*), is used to illustrate anisotropy data.

### 2.1.4. Visual Interpretation of FRET-Induced Donor Decays {#sec2-1-4}

To interpret a time-resolved FRET experiment, at least two fluorescence decay curves must be analyzed: the fluorescence decay of the donor in the presence, , and the absence, , of FRET. An advantage of ε~D~(*t*) is that a time-resolved FRET experiment can be displayed by a *single* curve. Additionally, for systems where the donor is quenched homogeneously by FRET, ε~D~(*t*) directly relates to the distribution of FRET rate constants (compare [Table [1](#tbl1){ref-type="other"}](#tbl1){ref-type="other"}). In this section, we exemplify how ε~D~(*t*) facilitates the analysis of fluorescence decays and demonstrate how distributions of FRET rate constants can be visually recovered from graphs of ε~D~(*t*).

#### Single FRET Species {#sec2-1-4-1}

The fluorescence intensity decays of a single exponential donor in the absence and in the presence of an acceptor, quenching the donor by a single FRET rate constant, are

Here, *k*~F,D~ is the radiative rate constant of fluorescence of the donor. As informs only on the sum of the rate constants *k*~RET~ and *k*~D~, the FRET rate constant, *k*~RET~, can only be determined if and are known. Given both decays, ε~D~(*t*) provides the FRET rate constant:

Thus, a plot of ε~D~(*t*) directly visualizes the FRET rate constant, *k*~RET~, and facilitates the interpretation of time-resolved FRET measurements. Furthermore, ε~D~(*t*) rationalizes the joint/global analysis of two fluorescence decays sharing a common donor fluorescence lifetime in the absence of FRET. This is illustrated in [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}A for a "short" (*R*~DA~^(1)^/*R*~0~ = 0.8) and a "long" (*R*~DA~^(1)^*/R*~0~ = 1.3) DA distance, respectively, assuming *k*~D~^--1^ = 4.0 ns. These distances correspond to *k*~RET~^--1^ = 0.95 ns and *k*~RET~^--1^ = 0.05 ns as characteristic times of the FRET process, respectively. In a semilogarithmic plot of ε~D~(*t*) ([Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}, middle panels), *k*~RET~ is obtained as the slope of the decay curve. Alternatively, the inverse FRET rate constant, , is obtained at the time point at which ε~D~(*t*) decayed to a value of 1/e, best seen in a plot of ε~D~(*t*) with a logarithmic time axis ([Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}, lower panels).

![FRET-induced donor decay directly visualizes FRET rate constants and donor--acceptor distances. Fluorescence intensity decays of a donor *f*~D\|D~(*t*) (top row) in the absence (green) and in the presence (blue, magenta, and orange) of FRET. The corresponding FRET-induced donor decays, ε~D~(*t*)'s, are shown in the lower two rows. The fluorescence decays were calculated by [eq [13](#eq13){ref-type="disp-formula"}](#eq13){ref-type="disp-formula"} (single FRET-active species), [eq [16](#eq16){ref-type="disp-formula"}](#eq16){ref-type="disp-formula"} (mixture of FRET-active and FRET-inactive species), and [eq [18](#eq18){ref-type="disp-formula"}](#eq18){ref-type="disp-formula"} (mixture of FRET species and distribution of FRET species) (*R*~0~ = 50 Å and *k*~D~^--1^ = 4.0 ns). Information on FRET is obtained by comparing the fluorescence decay of the donor in the presence of an acceptor (blue or magenta) to its reference given by the fluorescence decay in the absence of FRET (green). ε~D~(*t*) contains the reference implicitly. In the middle row, ε~D~(*t*) is shown in linear scale. In the lower row, ε~D~(*t*) is shown with a logarithmic time axis, and the time *t* between excitation and detection of fluorescence was converted into a critical donor--acceptor distance axis *R*~DA,C~ by [eq [15](#eq15){ref-type="disp-formula"}](#eq15){ref-type="disp-formula"}. This allows for the determination of the characteristic times of FRET *k*~RET~^--1^ and distances graphically at the point where ε~D~(*t*) decayed to the value 1/e (shown as vertical lines). The time *t* corresponds to the DA distance of the FRET process. (A) Single distance of *R*~DA~ = 40 Å (magenta) and *R*~DA~ = 65 Å (blue), respectively. (B) Mixture of a FRET-active *R*~DA~ = 40 Å (magenta) and *R*~DA~ = 65 Å (blue) and a FRET-inactive species (fraction, *x*~noFRET~ = 0.1). (C) Mixture of two FRET-active species *R*~DA~^(1)^ = 40 Å (50%) and *R*~DA~^(2)^ = 65 Å (50%) (orange). The position and the height of the "steps" in the lowest plot relate to the FRET rate constant and the species fractions of the individual species. For comparison, the components (dotted blue and magenta lines) of the individual species are overlaid. (D) Normal distributed distance with a mean of ⟨*R*~DA~⟩ = 40 Å and a distribution width varying from 0 to 32 Å (black to magenta).](jp-2017-03441z_0001){#fig3}

The interpretation of the FRET-induced donor decay is further facilitated by rewriting the Förster relationship ([eq [9](#eq9){ref-type="disp-formula"}](#eq9){ref-type="disp-formula"}) to express the time between excitation and detection of fluorescence as a characteristic DA distance, *R*~DA,C~, which serves as an estimator for the DA distance, *R*~DA~:

Here, ⟨κ^*2*^(*t*)⟩ is the average orientation factor of the fluorophore pair at time *t.* Dynamic effects of freely rotating dyes could be considered given the time-dependent orientation factor distributions, *p*(κ^2^, *t*).^[@ref95]^ However, we assume that rotation is fast compared to the FRET process. Hence, the Förster radius *R*~0~ is time-independent. In plots of the FRET-induced donor decay ([Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}, lower panel), this transformation directly visualizes DA distances and minimizes ambiguities, as the Förster radius, *R*~0~, the mean orientation factor, and the fluorescence properties of the donor are implicitly accounted for.

#### Mixtures of FRET-Active and FRET-Inactive Species {#sec2-1-4-2}

The FRET-induced donor decay visualizes species mixtures. This helps to separate FRET-active from FRET-inactive species. The total fluorescence intensity of a species mixture is given by a species fraction weighted sum. Hence, the fluorescence decay of a mixture of FRET-active and FRET-inactive species, with respective species fractions of 1 *-- x*~noFRET~ and *x*~noFRET~, is given by

The top row of [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}B illustrates fluorescence decays for "low-FRET" and "high-FRET" species and a fraction of 10% FRET-inactive molecules, *x*~noFRET~ = of 10%. In the FRET-induced donor decay, *x*~noFRET~ is a constant offset:

For high-FRET species, where ε~D~(*t*) decays fast ([Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}, magenta), this offset is easily determined. For low-FRET species ([Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}, blue) FRET-inactive molecules may be difficult to distinguish from FRET-active molecules. This issue is discussed rigorously in [Section [3.3](#sec3-3){ref-type="other"}](#sec3-3){ref-type="other"}.

#### Mixtures of FRET Species {#sec2-1-4-3}

The FRET-induced donor decay, ε~D~(*t*), of a mixture of *N* otherwise static FRET species sharing common donor fluorescence properties, is given by a species fraction weighted sum:

Here, and are the FRET rate constant and the species fraction of the species (*j*), respectively. Decays of a mixture of a high-FRET and a low-FRET species (*N* = 2) are shown in [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}C.

For a large ensemble of molecules, such discrete distribution of species can be approximated by a continuous distribution of FRET rate constants *x*(*k*~RET~). The corresponding ε~D~(*t*) is given by

Here, *x*(*k*~RET~) is the species population distribution (or species fraction distribution) of molecules with a given FRET rate constant. With the transformation of the time axis to a critical distance axis using [eq [15](#eq15){ref-type="disp-formula"}](#eq15){ref-type="disp-formula"}, the FRET-induced donor decay is given

This is illustrated in [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}D for normal distributed distances centered at the mean distance ⟨*R*~DA~⟩*=* 40 Å (*R*~0~ = 50 Å) with a width *w* that varied from 0 to 32 Å.

To visualize species mixtures, it is most informative to use a logarithmic time axis to illustrate FRET-induced donor decays ([Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}C, bottom panel). In this representation, the characteristic times (the inverses of the FRET rate constants) and DA distances are obtained from the positions of "steps". The corresponding fractions are given by the height of these steps. Distance distributions, due to multiple FRET states, are identified by deviations from the exponential decays ([Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}D).

#### Application to Experimental Data {#sec2-1-4-4}

Similar to the time-resolved anisotropy experiments, experimental fluorescence decays inform on FRET when visualized by the FRET-induced donor decay. This is highlighted by [Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}, which shows the experimental intermolecular time-resolved FRET measurements of a human guanylate binding protein 1 (hGBP1) dimer,^[@ref7],[@ref96]^ singly labeled at amino acid Q577C using Alexa 488 and Alexa 647 as donor and acceptor, respectively. The fluorescence decays of the FRET sample (the donor in the presence of an acceptor) and the donor reference sample (the donor in the absence of an acceptor) are clearly distinguishable. However, neither DA distances nor species fractions are easily recovered visually from the fluorescence decays ([Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}A).

![Experimental data can be visualized by the FRET-induced donor decay to reveal donor--acceptor distance distributions. Experimental fluorescence decays, FRET-induced donor decay, and maximum entropy analysis (MEM) of ensemble measurements of the human guanylate binding protein 1 dimer (hGBP1) singly labeled at amino acid Q577C by the donor, D (Alexa 488), and the acceptor, A (Alexa 647), respectively. The dimerization was induced by 500 μM GTPγS. (A) Donor fluorescence decays in the absence (τ~D~^(1)^ = 4.2, *x*~D~^(1)^ = 0.94, τ~D~^(2)^ = 1.7 ns, *x*~D~^(2)^ = 0.06) (green) and in the presence (orange) of an acceptor; the instrument response function (IRF) is shown as a gray line. The time axis measures the time between excitation and detection of donor photons. (B) Corresponding FRET-induced donor decay ε~D~(*t*). The distance axis *R*~DA,C~(*t*) is given by the Förster relationship *R*~DA,C~ = *R*~0~(Φ~F,D~*tk*~0,D~)^1/6^ (*k*~0,D~^--1^ = 4.1 ns, *R*~0~ = 52 Å). The fluorescence decay was analyzed by a two component (*N* = 2) model ([Supporting Information eq S1 in Note S1](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)) using a width of *w* = 12 Å). The individual components with average distances of 38 and 58 Å are visualized by solid magenta and blue lines, respectively. (C) The DA distance distribution obtained by analyzing the fluorescence decays by the maximum entropy method (magenta high FRET, blue low FRET, dark-yellow experimental FRET-induced donor decay, orange fit).](jp-2017-03441z_0002){#fig4}

In a semilogarithmic plot of the corresponding ε~D~(*t*), two "steps" and a constant offset are visible ([Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}B). The offset reveals that ∼20% of the donor molecules are FRET-inactive. The position of the steps reveals distances of FRET species, while the associated step-heights recover the respective species fractions. The first step is located at a critical DA distance, *R*~DA,C~, of ∼30--40 Å. A second step is positioned at ∼60 Å. The height of the first step demonstrates that the corresponding high-FRET state is more populated compared to the second low-FRET state.

For comparison, we displayed a model-free analysis of the fluorescence decays ([Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}C) by the maximum entropy method (MEM).^[@ref97],[@ref98]^ This analysis explicitly considers the instrument response function (IRF) and nuisance parameters as the background signal.^[@ref7]^ The agreement between both methods highlights that, provided the IRF is sufficiently narrow, DA distances can be recovered visually by ε~D~(*t*).

### 2.1.5. Treating Systems with Heterogeneous Fluorescence Properties {#sec2-1-5}

The properties of fluorescent dyes depend critically on their local environment. For a dye flexibly coupled to a macromolecule, multiple conformational states with distinct fluorescence properties are possible, even for macromolecules with single conformational states. Suppose that a donor, D, exhibits, due to quenching by its environment, two lifetimes. In the presence of FRET, both D-species may be quenched by the same or different FRET rate constants. Such ambiguities complicate the analysis of ε~D~(*t*). Therefore, ε~D~(*t*) can generally not be interpreted as described above. Fortunately, the frequently used donor Alexa488 is relatively insensitive toward changes of its local environment, and its fluorescence lifetime distribution in the absence of FRET is approximately a single exponential. Therefore, we anticipate small errors for major populated states analyzed by homogeneous models. To improve the accuracy for minorly populated states, we provide a framework for donors and acceptors in heterogeneous environments.

To describe the donor and acceptor fluorescence of a static ensemble, we define the state **Λ** of a fluorophore on a structural level by a combination of several factors. First, the absolute position and the orientation of the fluorophore in space needs to be considered by the vectors **R** and **Ω**, respectively. Additionally, the local environment **Q** determines the state **Λ** = {**Q**, **R**, **Ω**} of the fluorophores. Different states can have the same rate constants. Therefore, rate constants cannot replace sets of independent variables **Λ**. The states of the donor, D, and acceptor, A, are distributed with probability density functions (pdfs) *p*(**Λ**~D~) and *p*(**Λ**~A~). These pdfs define the population of the rate constants *k*~D~(**Λ**~D~) and *k*~A~(**Λ**~A~). In general, all factors which define D- and A-states define states of FRET pairs. A joined pdf, *p*(**Λ**~D~, **Λ**~A~), with corresponding FRET rate constants, *k*~RET~(**Λ**~D~, **Λ**~A~), characterize the distribution of FRET pairs. The probabilities of finding a donor and an acceptor in an excited state in the presence or absence of FRET are given bywhere

The corresponding time-dependent *expected* fluorescence decays are proportional to the integral of these probabilities over all relevant states. For the donor fluorescence, this gives

To factorize equivalently to [eq [11](#eq11){ref-type="disp-formula"}](#eq11){ref-type="disp-formula"}, the factors depending on **Λ**~D~ and **Λ**~A~ must be separated. Here, for simplicity, the orientation effects on FRET are neglected. The position of A is defined by the position of the donor and the DA separation vector (**R**~A~ = **R**~D~ + **R**~DA~). Thus, **Λ**~A~ can be characterized by the separation vector **R**~DA~. The Jacobian determinant of the change of variables **Λ**~A~ = {**Q**~A~, **R**~A~} → **Λ**′~A~ = {**Q**~A~, **R**~DA~} equals unity. Therefore, the last integral in [eq [22](#eq22){ref-type="disp-formula"}](#eq22){ref-type="disp-formula"} takes the following form:

Next, the *joint* pdf *p*(**Λ**~D~, **Λ**′~A~) can be rewritten as the product of the *marginal* probability *p*^(DA)^(**Λ**~D~) and the *conditional* probability ξ~A~(**Λ**′~A~\|**Λ**~D~). The *marginal* probability, *p*^(DA)^(**Λ**~D~), is the probability that the donor of a FRET pair is in state **Λ**~D~; the *conditional* probability ξ~A~(**Λ**^***′***^~A~\|**Λ**~D~) is the probability that an acceptor is in state **Λ**^***′***^~A~, given that its FRET counterpart donor is in state **Λ**~D~. Under the condition that the probability of **Λ**~D~ is unaffected by the presence of an acceptor, the marginal probability *p*^(DA)^(**Λ**~D~) equals *p*(**Λ**~D~), and the expression for the donor decay in [eq [21](#eq21){ref-type="disp-formula"}](#eq21){ref-type="disp-formula"} can be rewritten aswith

Here, ε~D~(**Λ**~D~, *t*) is the FRET-induced decay of the donor in the state **Λ**~D~.

Experimentally recovered FRET rate constants are insensitive to a discretization of the donor fluorescence relaxation.^[@ref99]^ Therefore, in practice, the distributions of states can be discretized, and the expressions for the donor fluorescence decays can be rewritten by sums:where

Here, \[\] is a probability mass function having the meaning of a species *fraction* of fluorophores in the state **Λ**^(*i*)^. In [eq [25](#eq25){ref-type="disp-formula"}](#eq25){ref-type="disp-formula"}, the indices *i* and *j* run over all possible combination of factors **Λ**~D~ = {**Q**~D~, **R**~D~} and **Λ**~A~ = {**Q**~A~, **R**~DA~}, correspondingly. This general expression is illustrated in [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}A. Similar expressions have been derived for the analysis of time-resolved anisotropies,^[@ref94]^ to relate quenching and dye mobilities. In this sense, the interpretation ε~D~(*t*) is a challenge similar to that of the interpretation of time-resolved anisotropy measurements, in terms of precise rotational spectra.^[@ref94],[@ref100]^

![In a general framework for the analysis of time-resolved FRET experiments, a conditional probability matrix relates the acceptor to the donor states. Schematics illustrating the meaning and relation of the parameters in the [eq [23](#eq23){ref-type="disp-formula"}](#eq23){ref-type="disp-formula"}. The donor states, indicated by green shades, are characterized by sets of variables {**Q**~D~, **R**~D~}^(*i*)^, defining corresponding rate constants *k*~D~^(*i*)^, and their fractions *x*~D~^(*i*)^. The acceptor FRET states are characterized by sets of variables {**Q**~A~, **R**~DA~}^(*j*)^, defining corresponding FRET rate constants *k*~RET~^(*i*)^, and are indicated by red shades. The gray frame outlines the fraction matrix \[*x*~DA~^(*i,j*)^\] of FRET pairs where the donor is in state *i* and the acceptor in state *j*. This matrix is presented implicitly by the row product of the donor fraction vector **x**~D~ and conditional probability matrix \[ξ^(*i,j*)^\] (shades of gray). The gray shades of the protein picture shown in the top left edges illustrate different correlation between donor and acceptor-FRET parameters and indicate corresponding values of the \[*x*~DA~^(*i,j*)^\] matrix (the darker shades correspond to the higher fractions). Note that the structure of matrix \[*x*~DA~^(*i,j*)^\] and \[ξ^(*i,j*)^\] is not the same. (A) The general case. (B) The homogeneous case. In this case the donor fluorescence decay can be factorized in form of [eq [11](#eq11){ref-type="disp-formula"}](#eq11){ref-type="disp-formula"} and the matrix \[ξ^(*i,j*)^\] has special, uniform-row shape. (C) Case of the full correlation between donor and acceptor states. In this case the number of FRET states is reduced to the number of donor or acceptor states, and the conditional probability matrix turns into an identity matrix.](jp-2017-03441z_0003){#fig5}

It can be seen that donor fluorescence decays can only be factorized in the form of [eq [11](#eq11){ref-type="disp-formula"}](#eq11){ref-type="disp-formula"}, if ε~D~(*t*) depends exclusively on FRET rate constants and their fractions ξ~A~^(*i,j*)^, meaning that the donor and acceptor states are uncorrelated. This is equivalent to the statement that the conditional probability ξ~A~(**Λ**^***′***^~A~\|**Λ**~D~) in [eq [24](#eq24){ref-type="disp-formula"}](#eq24){ref-type="disp-formula"} is independent of **Λ**~D~, or that elements of the conditional probability matrix \[ξ~A~^(*i,j*)^\] in [eq [25](#eq25){ref-type="disp-formula"}](#eq25){ref-type="disp-formula"} are independent of the index *i*:

In this case the matrix \[ξ~A~^(*i,j*)^\] consists of homogeneous rows \[ξ~A~^(*j*)^\]. Therefore, we call this approximation "homogeneous". If we are interested only in donor fluorescence, this approximation is equivalent to the assumption that all **Λ**~D~ are quenched by rate constants with the same distribution. In this case, we can identify the rows \[ξ~A~^(*j*)^\] as the distribution of FRET states, ξ~A~^(*j*)^ = *x*~RET~^(*j*)^, and the expressions in [eq [26](#eq26){ref-type="disp-formula"}](#eq26){ref-type="disp-formula"} take the form

These equations are often used for the joint (or global) analysis of and .^[@ref3]−[@ref8]^ While this description of fluorescence decays is common in the literature, it obfuscates the possibility of factorization in the form of [eq [11](#eq11){ref-type="disp-formula"}](#eq11){ref-type="disp-formula"}.

The meaning of the general, the homogeneous, and the correlated (heterogeneous) case is illustrated in [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"} for a hypothetical protein with two conformations: (1) an "open" (low-FRET) configuration and (2) a "closed" (high-FRET) configuration. In this example, the donor is either weakly or strongly quenched by its local environment. The protein conformations define two distinct acceptor states: {**Q**~A~, **R**~DA~}^(1)^ and {**Q**~A~, **R**~DA~}^(2)^. The presence or absence of the quencher defines two donor states: {**Q**~D~, **R**~D~}^(1)^ and {**Q**~D~, **R**~D~}^(2)^. Thus, overall, four conditional probabilities, ξ~Α~^(*i,j*)^, have to be considered. The aim is to determine the probability of each state along with the associated FRET rate constants. This is shown in [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}A in the form of a table which summarizes all relevant parameters. *A priori* the FRET rate constants and the probabilities of the states are unknown. Hence, overall, 8 parameters (three conditional probabilities ξ~Α~^(*i,j*)^, two donor depopulation rate constants , with the fractions , and two FRET rate constants , ) have to be determined by the analysis of two fluorescence decays. With the imposition of a restriction on the shape of the probability matrix \[ξ~Α~^(*i,j*)^\], the number of free parameters can be reduced; in the example presented in [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}B, the homogeneous approximation reduces the number of free parameters from seven to six.

The donor fluorescence lifetime is shortened by quenching by the donor's local environment and by FRET. A challenge, when analyzing fluorescence decays, is to distinguish both. In fact, if only the donor fluorescence in the absence and presence of an acceptor is monitored, FRET and quenching by the local environment are hardly distinguishable. This is exemplified in [Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"} where the fluorescence intensity decays and of a heterogeneous case were simulated and analyzed by the correct heterogeneous model and a homogeneous model. We chose a heterogeneous case with three donor states and three FRET states with single FRET rate constants ([Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"}A). Next, we simulate a typical FRET experiment in terms of photon statistics and the instrument response function (IRF) and analyze the simulated data by the correct heterogeneous and the homogeneous model. Overall, 12 × 10^6^ registered photons were simulated for the FRET sample and 30 × 10^6^ photons for the donor sample. The analysis results with respect to the recovered DA distances and fractions depend strongly on the model used. Unfortunately, the homogeneous and the correct models are indistinguishable as judged by the quality of the fits ([Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"}B). While the minorly populated FRET state (*R*~DA~^(1)^ = 60 Å) is strongly influenced by the choice of the model and the recovered distance differs considerably by approximately 10 Å among the models, the two major populated FRET states (*R*~DA~^(2)^ = 45 Å, *R*~DA~^(3)^ = 40 Å) are less affected by the choice of the model and differ only by 1 Å from the correct value ([Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"}B). Notably, the error of the amplitudes is bigger than the error of the distances, and the amplitudes differ at most by 22% from the correct value. When the correct model is applied, both distances and amplitudes are correctly recovered ([Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"}B).

![Uncertainties of the condition probability matrix may propagate to errors of the donor--acceptor distances in particular for minorly populated states. Limitations of the homogeneous approximation illustrated by simulations of a typical time-resolved experiment with three discrete FRET states. (A) Simulated time-resolved fluorescence decay histograms with 100 000 photons in peak (bin width 14.1 ps) using an experimental recorded IRF with a fwhm of 250 ps of a system with three discrete donor states 4 ns (80%), 2.5 ns (14%), and 0.5 ns (6%), and three discrete FRET states 40 Å (30%), 45 Å (50%), and 60 Å (20%) (*R*~0~ = 50 Å, *k*~0~^--1^ = 4 ns). The 40 and 45 Å state are associated with the donor lifetime of 4 ns; the 60 Å state is associated with the donor lifetimes 2.5 and 0.5 ns. The conditional probability matrix \[ξ^(*i,j*)^\] and the corresponding values of the \[*x*~DA~^(*i,j*)^\] matrix are shown as numbers in the tables. (B) The analysis result using the correct model and the inappropriate homogeneous model are shown on the top and bottom, respectively. The weighted residuals (w.res.) of both models are indistinguishable. To the right the recovered distances and fractions are plotted in a bar diagram.](jp-2017-03441z_0004){#fig6}

This demonstrates that the interpretation of the donor fluorescence decay is ambiguous if no knowledge on the connectivity of the donor and FRET states is available. This connectivity is usually unknown *a priori*. Thus, homogeneous models are often used for dyes dynamically quenched by their local environment. Below we will show that the homogeneous approximation correctly recovers average DA distances for flexibly coupled dyes dynamically quenched within their sterically accessible volume (AV). Furthermore, we introduce fast simulations that predict quenching on the basis of structural models. Thus, predicting quenching by FRET and quenching by PET using structural models may in future reduce ambiguities of interpreting fluorescence decays.

2.2. Mobile Dyes and FRET {#sec2-2}
-------------------------

### 2.2.1. Fundamental Principles {#sec2-2-1}

With the goal of generating and validating structural models, fluorophores coupled by flexible linkers to the molecule of interest impose a challenge.^[@ref11]^ The linkers have typically a length of ∼20 Å. Consequently, the fluorophores explore a large conformational space which needs to be quantified either by molecular dynamics (MD)^[@ref74],[@ref101],[@ref102]^ or by fast coarse-grained accessible volume (AV) simulations.^[@ref51],[@ref75]^ The dyes may explore multiple distinct local environments and diffuse among them during their fluorescence lifetime resulting in dynamic quenching. Thus, the spatial and dynamic properties of the donor and acceptor fluorophores have to be considered for an accurate FRET analysis.^[@ref74]^ To the best of our knowledge, the effect of dye diffusion, dynamic quenching, and FRET on the outcome of a time-resolved FRET experiment has not been quantified yet in molecular detail. Therefore, we established a toolkit for fast simulations using coarse-grained models to study the effects of diffusion and dynamic quenching on time-resolved FRET measurements.

In FRET experiments, changes of the donor and acceptor fluorescence properties might be correlated with changes of their coupling constant *k*~RET~. This is illustrated in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}A where a cross-section through a spatial population density of a donor tethered to a flat protein surface in the proximity of a quencher is shown. Due to quenchers, both the fluorescence lifetimes in the absence of FRET and the FRET rate constants are position-dependent. Consequently, changes of FRET rate constants and fluorescence lifetimes in the absence of FRET may be correlated. Experimentally, such correlations are usually inaccessible, as only fluorescence intensities and derived parameters, e.g., fluorescence lifetime distributions, are measurable. As discussed above (see [Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"}), this may result in ambiguous interpretations of the fluorescence intensity decays and raises the question regarding what accuracy of the recovered DA distances can be achieved for flexibly coupled dyes, if the FRET-induced donor decay, ε~D~(*t*), is directly analyzed and potential correlations between *k*~RET~ and *k*~D~^--1^ are neglected (analysis by [eq [18](#eq18){ref-type="disp-formula"}](#eq18){ref-type="disp-formula"}). Additionally, it is well-known that only apparent FRET rate constants and distances are recovered if conformational dynamics is not explicitly accounted for.^[@ref103]^ These effects are important for the accurate analysis of FRET in the presence of dye diffusion and dynamic quenching.

![Coarse-grained BD simulations describe the dye's spatial distribution, dynamics, and the quenching by amino acids. (A) Effect of a quencher (orange) on the fluorescence lifetime distribution of a donor (green) in the absence (left) and presence (right) of FRET. The donor is located within its sterically accessible volume (AV) shown as a half-circle. The lines in the half-circles are isolines for the donor fluorescence lifetimes in the absence of FRET *k*~D~^--1^ (left), the characteristic times of FRET *k*~RET~^--1^ (middle), and the donor fluorescence lifetimes in the presence of FRET (*k*~D~ + *k*~RET~)^−1^ (right), respectively. Histograms of the corresponding lifetimes are shown below. Experimentally, the lifetime distributions in the absence (left) and presence (right) of FRET are accessible (highlighted by gray dotted boxes). (B) Illustration of relevant simulation parameters of the coarse-grained Brownian dynamics (BD) simulations. The donor dye Alexa488 (shown in black) is approximated by a sphere (green) with a radius *R*~dye~ and is connected to the protein by a flexible linker (blue) of the length *L*~link~ and diameter *L*~width~. The green mesh outlines the AV of the dye and limits all possible conformational states **Λ**~D~. The quenching amino acids Q are approximated by spheres of radius *R*~Q~ located at their respective centers of mass. On the basis of the distance *R*~DQ~ between the dye and Q and the radiation boundary *R*~rad~, the fluorescence lifetimes of **Λ**~D~ are calculated by [eq [28](#eq28){ref-type="disp-formula"}](#eq28){ref-type="disp-formula"} considering all quenching amino acids. This assigns fluorescence lifetimes *k*~D~^--1^ to all **Λ**~D~ which are either unquenched *k*~D~ = τ~0~^--1^ or quenched τ~0~^--1^ + *k*~Q~. Quenched states are highlighted in orange. To each state a diffusion coefficient *D* is assigned on the basis of its distance to the molecular surface. Dyes close to the molecular surface within the accessible contact volume ACV (magenta) diffuse more slowly. The ACV is determined by a critical distance *R*~surface~ and the distances *R*~Cβ~ to all C~β~-atoms. For fast simulations, the conformational space **Λ** of the dye is discretized, and **Λ**~D~^(*i*)^, a diffusion coefficient *D*^(*i*)^, and 1/*k*~D~^(*i*)^ are associated to each state. In each iteration of the BD simulations with time steps *Δt* the location of the dye is randomly changed to generate a trajectory of states **Λ**(*t*) and fluorescence lifetimes 1/*k*~D~(*t*). (C) The used simulation parameters are summarized in the shown tables.](jp-2017-03441z_0005){#fig7}

### 2.2.2. Simulation of Dynamic Donor Quenching {#sec2-2-2}

In our simulations, we focus on the donor dye Alexa488, which can be quenched via photo-induced electron transfer (PET) by electron rich amino acids.^[@ref104]^ In PET, the rate constant decreases exponentially with the distance between the electron donor and acceptor.^[@ref105]^ The characteristic length of electron transfer is on the order of a few angströms.^[@ref106],[@ref107]^ Therefore, out of all conformations (or states **Λ**) a dye flexibly coupled to a macromolecule via a long linker may adopt, only a subset is quenched by PET. This is illustrated in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"} for a donor and a single quenching amino acid. In this example, the strong dependence of the quenching rate constant on the distance between the quencher and the dye, *R*~DQ~, results in an uneven distribution of fluorescence lifetimes, *k*~D~^--1^, among potential dye conformations and in a distribution of fluorescence lifetimes ([Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}A, left). In FRET experiments we are interested in the rate constants of energy transfer from a donor to an acceptor, *k*~RET~^--1^ ([eq [7](#eq7){ref-type="disp-formula"}](#eq7){ref-type="disp-formula"}). As flexibly coupled dyes may adopt multiple conformations, a distribution of FRET rate constants is anticipated even for a fixed acceptor ([Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}A, middle). The donor fluorescence decay monitors a combined effect of quenching by the dye's local environment and FRET ([Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}A, right).

The heterogeneous models presented in [eqs [20](#eq20){ref-type="disp-formula"}](#eq20){ref-type="disp-formula"} and [21](#eq21){ref-type="disp-formula"} may disentangle such complicated situations, if the spatial population density of the dye and the quenchers are known, and the exchange between distinct donor **Λ**~D~ and acceptor states **Λ**~A~ is slow (quasistatic) compared to the time scale of fluorescence. However, usually neither the spatial population density of the dye nor the distribution of quenchers are *a priori* known. Therefore, in practice, static homogeneous models are applied to approximate complex situations as shown in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}A. Static homogeneous models have the advantage that they require no prior knowledge, as quenching by the local environment is assumed to be decoupled (uncorrelated) from quenching by FRET. This allows researchers to conveniently interpret ε~D~(*t*) by a distribution of FRET rate constants ([eq [26](#eq26){ref-type="disp-formula"}](#eq26){ref-type="disp-formula"}). However, such a direct interpretation neglects dye dynamics due to diffusion and correlations between FRET and quenching.

The effects of dye diffusion and correlations between FRET and PET could be assessed by means of calibrated all-atom molecular dynamic (MD) simulations.^[@ref101]^ However, for quantitative statements, sufficient sampling, i.e., microseconds-long simulations, is mandatory, and for general statements, a large number of distinct structures have to be studied currently making conventional MD simulations unfeasible. To nevertheless determine expected errors of the homogeneous approximations for single protein conformations, we combine coarse-grained AV with Brownian dynamics (BD) simulations in a computationally fast model to simulate microsecond-long trajectories within seconds on a conventional desktop computer. This allows us to study transient effects of FRET and quenching for many distinct structures.

#### Simulation Procedure {#sec2-2-2-1}

As a first step to simulate fluorescence decays and FRET, we determine all sterically allowed conformational states of the donor, **Λ**~D~, and the acceptor, **Λ**~A~, by accessible volume (AV) simulations. To find accessible dye positions, the AV simulations approximate dyes by spheres attached to the protein by a flexible cylindrical linker and use a geometrical search algorithm on a rectilinear grid.^[@ref74]^ The green mesh in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}B surrounds an accessible volume. As a second step, we define the fluorescence properties of the states **Λ** by their distances to all quenching amino acids. We determine the fluorescence lifetimes of the dyes in a particular state *k*~D~^--1^(**Λ**~D~) by the radiation boundary condition.^[@ref108]−[@ref110]^ We assume that, if the distance between the dye D in a state **Λ**^(*i*)^ and the quencher (*j*) is smaller than a characteristic distance *R*~rad~, the dye is quenched with an amino-acid-specific rate constant *k*~Q~^(*j*)^. The total quenching rate constant in the presence of multiple quenchers was obtained by summation over all quenching amino acids:

The result of such a procedure is demonstrated in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}B, where the orange region highlights parts of the AV which are quenched. As a third step, we assign diffusion coefficients to the donor and acceptor states **Λ**~D~ and **Λ**~A~, respectively. In line with previous molecular dynamics simulations and experiments,^[@ref111],[@ref112]^ dyes in the vicinity of a molecular surface diffuse slower. We identify such species by the dye's distance to the C~β~-atoms. If a dye is closer to a C~β~-atom than a threshold *R*~surface~, its diffusion is slowed down. In [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}B such dye states are shown as magenta volume. Previously, such surface layers were utilized to measure the stacking probability of cyanines on nucleic acids.^[@ref112]^ Finally, we perform BD simulations of the dye within its AV. After each iteration of the BD simulation, a fluorescence lifetime is calculated by [eq [28](#eq28){ref-type="disp-formula"}](#eq28){ref-type="disp-formula"} to yield a trajectory *k*~D~^--1^(*t*) of fluorescence lifetimes. By combining trajectories of a donor and acceptor dyes, we calculate by [eq [7](#eq7){ref-type="disp-formula"}](#eq7){ref-type="disp-formula"} trajectories of rate constants, *k*~RET~(*t*). We assume that the rotational diffusion is fast compared to the time scale of FRET and approximate the time-dependent orientation factor κ^*2*^(*t*) by the isotropic average. Using *k*~D~(*t*) and *k*~RET~(*t*), we calculate fluorescence intensity decays of the donor in the absence and presence of an acceptor at time *t*~0~ by

Finally, we average the fluorescence decays over the initial time *t*~0~ to generate representative average fluorescence decays. As an alternative to this approach, we use *k*~D~(*t*) and *k*~RET~(*t*) to simulate the Poisson process of photon emission, to obtain counting statistics comparable to experiments.

#### Parametrization of the Model {#sec2-2-2-2}

The unimolecular quenching rate constant *k*~Q~ of the dye close to its quencher (*R*~QD~ \< *R*~rad~) and the diffusion coefficients of the tethered dyes are essential parameters to simulate *k*~D~(*t*) and *k*~RET~(*t*). It is well-known that the amino acids Met, Trp, Tyr, and His quench Alexa488 dynamically by PET.^[@ref104]^ For these amino acids, we estimated a quenching rate constant of *k*~Q~ = 2.0 ns^--1^ by comparing simulated and experimental fluorescence decays. We refined this estimate to the constants presented in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"} using the relative differences of experimental diffusion limited rate constants.^[@ref104]^ Free xanthene dyes are known to have diffusion coefficients in the range 40--45 Å^2^/ns.^[@ref113],[@ref114]^ The tethered dyes diffuse more slowly as their motion is hindered by the linker. MD simulations of Alexa488 and Alexa647 attached to nucleic acids which served as a model system for an initial parametrization. These simulations showed a bimodal distribution of the diffusion coefficients for both dyes. The fraction of the dyes located close to the molecular surface diffused approximately a factor of 10 slower. Compared to Alexa488, Alexa647 diffused a factor of 2 slower.

With these parameters everything was in place for simulating dyes tethered to proteins. The simulation results are presented and compared to experimental data in [Figure [8](#fig8){ref-type="fig"}](#fig8){ref-type="fig"}. A short excerpt of a BD simulation of the dye Alexa488 attached to a structure of hGBP1 is shown as an example in [Figure [8](#fig8){ref-type="fig"}](#fig8){ref-type="fig"}A. To fine-tune the initial estimate of the diffusion coefficients for proteins, we compared the simulated fluorescence decays to experimental curves by performing a series of BD simulations with distinct diffusion coefficients (see [Figure [8](#fig8){ref-type="fig"}](#fig8){ref-type="fig"}B). The simulations and the experiments best coincide if Alexa488 diffuses with a diffusion coefficient of ∼10 Å^2^/ns.

![Coarse-grained model captures the diffusion and dynamic quenching of Alexa488 and correlates with experimental data. Simulation of donor fluorescence decays by Brownian dynamics (BD) simulations: (A) BD simulation of the donor, D, Alexa488-C5-maleimide attached to the human guanylate binding protein 1 (PDB-ID: 1F5N). The attachment atom (on amino acid Q18C) is shown as a blue sphere, and quenching amino acids (His, Tyr, Met, and Trp) are highlighted in orange. D states close to the surface are shown in magenta. The green dots represent a subset of potential fluorophore positions of an 8 μs BD simulation. In the upper-right corner a contiguous part of a trajectory is displayed (colored from white to dark green). (B) Comparison of simulated donor fluorescence decays for various diffusion coefficients *D*. The analysis result of the corresponding experimental fluorescence decay, formally analyzed by a biexponential relaxation model (*x*~1~ = 0.82, τ~1~ = 4.15, *x*~2~ = 0.18, τ~2~ = 1.35), is shown in magenta. The decay of the unquenched dye with a fluorescence lifetime of 4.1 ns is shown in black. (C) Simulated fluorescence quantum yields of fluorescent species Φ~F,D~(sim) for a diffusion coefficient *D* = 15 Å/ns vs experimentally determined quantum yields Φ~F,D~(exp) for a set of variants of the proteins T4L, hGBP1, PSD-95, and HIV-RT. The black line shows a 1:1 relationship. Φ~F,D~(exp) was determined by ensemble TCSPC (hGBP1, T4L, PSD-95) or single-molecule measurements (HIV-RT). The data point highlighted by the red arrow corresponds to the experiment shown in panel B. The crystal structures used to simulate the donor fluorescence decays are listed in [Table S3](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf).](jp-2017-03441z_0006){#fig8}

#### Cross-Validation of the Parameters {#sec2-2-2-3}

These estimates were cross-validated by various reference measurements of Alexa488 tethered to proteins with known local environment of the dyes: crystal structures of the open^[@ref115]^ and closed^[@ref116]^ conformations of T4 lysozyme (T4L), the human guanylate binding protein 1 (hGBP1),^[@ref117]^ a PDZ1-PDZ2 tandem of the postsynaptic density protein 95 (PSD-95),^[@ref118]^ and the reverse transcriptase of HIV-1 (HIV-RT).^[@ref119]^ The experimental fluorescence lifetimes, anisotropies, and the PDB-IDs of the used crystal structures used for BD simulation are compiled in [Tables S2 and S3](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf), respectively. For best comparison of the BD simulations with the experiments, we simulated a Poisson process and generated fluorescence decay histograms. These histograms were analyzed analogously to the experimental decays by fitting a multiexponential relaxation model. The analysis results were averaged to yield species averaged fluorescence lifetimes ⟨τ⟩~*x*~ and quantum yields Φ~F,D~ = ⟨τ⟩~*x*~/τ~F~ of the fluorescent species (see [Figure [8](#fig8){ref-type="fig"}](#fig8){ref-type="fig"}C). Experimental fluorescence quantum yields of the fluorescent species were estimated by ensemble TCSPC (PSD-95, T4L), by single-molecule MFD-measurements and by subensemble TCSPC (hGBP1), or by their molecular brightness (HIV-RT) estimated by filtered FCS^[@ref26]^ using rhodamine 110 as a reference.

As highlighted by the comparison of the simulated and the experimental data in [Figure [8](#fig8){ref-type="fig"}](#fig8){ref-type="fig"}C, our model predicts dynamic quenching for Alexa488. Deviations are possibly due to the simplifications of the model or sample heterogeneities. In the model, neither strong binding of the dye to the protein nor steric aspects of PET were considered. Such a model describes experiments on dyes in sterically undemanding environments,^[@ref10],[@ref74],[@ref75],[@ref101]^ which are slowly diffusing compared to the fast (∼100 ps) side chain rotation.

The experimentally measured fluorescence decays are species fraction weighted averages representative for all conformational states a protein may adopt. The proteins PSD-95, T4L, and HIV-RT are known for their conformational dynamics while little is known about hGBP1. PSD-95 is a protein with an unstructured flexible linker that connects two supposable rigid PDZ-domains and thus undergoes significant conformational dynamics.^[@ref120]^ In HIV-RT and T4L conformational dynamics is tightly related to their catalytic function.^[@ref121],[@ref122]^ Therefore, we anticipated large-scale changes in the global superteriary structures and were surprised that the local microenvironment of the dyes within the folded domains of the studied proteins seems to be rather independent of the conformational state of the proteins.

### 2.2.3. Impact of Dye Diffusion on FRET (Dyes in Confined Geometry) {#sec2-2-3}

It is well-known that conformational dynamics affects fluorescence decays^[@ref92],[@ref103]^ and may result in effects, such as diffusion enhanced FRET.^[@ref123]^ Our experiments and simulations suggest that Alexa488 tethered to a protein diffuses with a diffusion coefficient of ∼10 Å^2^/ns (see [Figure [8](#fig8){ref-type="fig"}](#fig8){ref-type="fig"}B). Hence, a considerable displacement ( ∼ 10 Å for *t* = 2 ns) of the dyes is anticipated while being in an excited fluorescent state. However, as the linker restricts the dye's movement, the effective displacement will be smaller. Commonly used static models, i.e., [eq [20](#eq20){ref-type="disp-formula"}](#eq20){ref-type="disp-formula"}, do not consider diffusion of dyes in their excited state. They implicitly assume that the displacement of the dye while being in its excited state is negligible. If such a static model is applied to fast diffusing dyes, only apparent distances, *R*~app~, and fractions, *x*~app~, will be obtained from a trajectory. Surprisingly, the error of approximating a DA distance distribution, *x*(*R*~DA~), by an apparent DA distance distribution, *x*(*R*~app~), for tethered dyes is to our knowledge unknown.

Here, we use BD simulations to study the effect of translational diffusion on apparent DA distance distributions. Fluorescence decays and the corresponding FRET-induced donor decays, ε~D~(*t*), were calculated by [eqs [29](#eq29){ref-type="disp-formula"}](#eq29){ref-type="disp-formula"} and [10](#eq10){ref-type="disp-formula"}, respectively. Next, [eq [20](#eq20){ref-type="disp-formula"}](#eq20){ref-type="disp-formula"} was solved to yield apparent distance distributions, *x*(*R*~app~). In [Figure [9](#fig9){ref-type="fig"}](#fig9){ref-type="fig"}A the outcome of such a procedure is presented for different donor and acceptor diffusion coefficients, *D*~D~ and *D*~A~, respectively. For small diffusion coefficients *x*(*R*~app~) is broad. It narrows with increasing diffusion coefficients. Additionally, a shift toward shorter distances and a shoulder at small *R*~app~ is observed. For a dye interacting with the macromolecular surface, such transient effects are less pronounced as the diffusion of the dye is slowed down ([Figure [9](#fig9){ref-type="fig"}](#fig9){ref-type="fig"}A, right).

![Fast translational diffusion of the donor and acceptor dyes affects the recovered apparent donor--acceptor distribution due to averaging during their fluorescence lifetime. Effects of dye diffusion on apparent DA distance distributions, *x*(*R*~app~). (A) Apparent DA distance distributions, *x*(*R*~app~) recovered from a fluorescence decay of a donor with a lifetime of 4 ns attached to amino acid F379C and an acceptor attached to amino acid D467C of the hGBP1 protein structure (PDB-ID: 1F5N) in dependence of the diffusion coefficients of the donor *D*~D~ and the acceptor *D*~A~ = ^1^/~2~*D*~D~ without interaction of the dyes (left) and with interaction of the dyes (right) with the protein surface. Interacting dyes close to the protein surface diffused 10 times slower. (B) Apparent distances of a two-state system in dynamic exchange. The equally populated discrete states *R*~DA~^(1)^ = 40 Å and *R*~DA~^(2)^ = 60 Å (*R*~0~ = 52 Å) are in dynamic exchange with a rate constant *k*~dyn~. The resulting biexponential FRET-induced donor decay was converted to yield two apparent distances (orange lines). Using these apparent distances, the average distance (black) was calculated. The gray line is the static average of the two distances.](jp-2017-03441z_0007){#fig9}

The effects of a constrained dye diffusion can be rationalized by approximating the complex DA distance distribution by a two-state system with a low-FRET (LF) and a high-FRET (HF) state in exchange. If the DA pair is in a LF-state, the donor fluorescence lifetime is long. Hence, within the donor fluorescence lifetime, the DA pair is likely to change to a HF-state. Thus, with increasing exchange rate constant, *k*~dyn~, the apparent fraction of the LF-state decreases first. For such systems, an analytical solution of the fluorescence decays is known.^[@ref103]^ The corresponding FRET-induced donor decay iswith

Herein, and are the FRET rate constants defining the states in dynamic exchange with an exchange rate constant *k*~dyn~ as an approximate for the dye diffusion effects. and are apparent FRET rate constants with apparent fractions and , respectively. [Figure [9](#fig9){ref-type="fig"}](#fig9){ref-type="fig"}B visualizes this equation and presents the apparent distances (*R*~app~ = *R*~0~(*k*~app~τ~D,0~)^−1/6^) in dependence of the exchange rate constant *k*~dyn~. With increasing *k*~dyn~ the apparent distance of the LF-state shifts first toward shorter distances. This is followed by a pronounced shift of the apparent HF-state toward shorter distances. The fraction of the apparent HF-state, the prefactor of the first summand in [eq [30](#eq30){ref-type="disp-formula"}](#eq30){ref-type="disp-formula"}, decreases with *k*~dyn~. For large *k*~dyn~ the FRET-induced donor decay is given by exp(−*t*Σ), and a single apparent distance *R*~app~ = *R*~0~(Σ/*k*~D~)^1/6^ will be recovered. This simple model describes qualitatively the observed effects in the BD simulations.

### 2.2.4. Impact of Dye Diffusion and Quenching on FRET {#sec2-2-4}

Quenching by the local environment and quenching by FRET might be correlated. This may introduce systematic deviations if a homogeneous model is applied. We use BD simulations of DA pairs attached to a crystal structure of the human guanylate binding protein 1 (PDB-ID: 1F5N) to illustrate this effect. First, no amino acid was treated as a quencher. Next, we introduce a single quencher into the local environment in proximity of a donor. Overall, 23 simulations with quenchers located at different positions were performed. For each simulation, the equilibrium distance distribution, *x*(*R*~DA~), and donor fluorescence decays in the absence and presence of FRET were calculated (see [Note S1](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)). Next, ε~D~(*t*) and *x*(*R*~app~) were calculated as described above, and the average apparent distance ⟨*R*~app~⟩ was compared to the average distance ⟨*R*~DA~⟩. To visualize the effect of a quencher, the relative difference of these averages was mapped color-coded to the C~β~-atom of the respective quenching amino acid (see [Figure [10](#fig10){ref-type="fig"}](#fig10){ref-type="fig"}).

![Average donor--acceptor distance and the recovered average distance systematically deviate on a small scale. The effect of the quencher location on the mean apparent distance between the donor, D, and acceptor, A , ⟨*R*~app~⟩ is illustrated using a crystal structure (PDB-ID: 1F5N) of the human guanylate binding protein 1. A set of 23 simulations (quencher located at amino acid number: 156, 158, 299, 313, 317, 321, 325, 326, 329, 336, 329, 336, 374, 378, 382, 387, 390, 393, 524, 532, 538, 539, 542) was performed. The simulations consider dye diffusion and D quenching. The relative distance difference between the average distance ⟨*R*~DA~⟩ (52 Å) and the average apparent distance ⟨*R*~app~⟩ was mapped on the C~β~-atom of the respective quencher. The D and A accessible volume are shown as green and red mesh, respectively. The blue spheres mark the attachment points of D (F379C) and A (D467C).](jp-2017-03441z_0008){#fig10}

Obviously, quenchers introduce small systematic differences between ⟨*R*~app~⟩ and ⟨*R*~DA~⟩. If a quencher is located in the high-FRET region of the donor AV, the average distance is overestimated by 5.7% (55 Å instead of 52 Å). Otherwise, the mean distance is underestimated by 3.8% (50 Å instead of 52 Å). This effect can be rationalized as follows: If the dye is in the proximity of a quencher, less fluorescence light is emitted. So, the quencher depletes fractions of the corresponding FRET species. Hence, if a quencher is in a high-FRET region, which corresponds to shorter distances, the mean value is increased and *vice versa*.

3. Error Estimation {#sec3}
===================

Considering the DA distance, *R*~DA~, three main factors determine the uncertainty, Δ*R*~*DA*~: (1) the precision (noise) of the measurement, Δ~noise~; (2) the uncertainty of the calibration, Δ~cal~; and (3) the approximation error, Δ~model~, introduced by the model chosen to analyze the experimental data. The total uncertainty of the distance, Δ*R*~DA~, is estimated by combining these error sources. With the assumption that the contributions follow a normal distribution, Δ*R*~DA~ is given by

The noise introduces a random error, Δ~noise~, and limits the degree of resemblance (precision) among different measurements. In fluorescence measurements with single photon counting, the noise of the measured signal (shot noise) is precisely known and follows Poissonian statistics. The degree to which a measured distance, *R*~DA~, represents the true distance, i.e., the accuracy of the estimated distance, is limited by the uncertainty of the calibration, Δ~cal~, and the error introduced by the model, Δ~model~, used to analyze the data.

The sources for the uncertainties of the calibration in time-resolved and steady-state FRET measurements differ. In steady-state measurements, the detection efficiencies, the background correction, and the excitation and the emission cross-talks are the most relevant calibration parameters. In time-resolved measurements, the fluorescence decays of the dyes in the absence of FRET provided by a reference sample calibrate the measurements. The shot noise of the experiment, Δ~noise~, contributes to the precision of both measurement types. The error introduced by the model, Δ~model~, stems from the fact that reduced models are used to interpret the experimental data (approximation error); e.g., when structural models are derived by a set of FRET constraints, the spatial population densities of the dyes are modeled using their accessible volume that can introduce a systematic error.^[@ref77]^

Overall, we discuss all sources of uncertainties for time-resolved FRET experiments in this Feature Article. In [Section [3.1](#sec3-1){ref-type="other"}](#sec3-1){ref-type="other"}, we compare the uncertainties of time-resolved and intensity-based measurements introduced by the noise, Δ~noise~, and the calibration, Δ~cal~. In [Section [3.2](#sec3-2){ref-type="other"}](#sec3-2){ref-type="other"}, we focus on the approximation error, Δ~model~. In [Section [3.2.1](#sec3-2-1){ref-type="other"}](#sec3-2-1){ref-type="other"}, we use simulations to study the approximation error when the static-homogeneous FRET models are applied to flexibly coupled dynamically quenched dyes. In [Section [3.2.2](#sec3-2-2){ref-type="other"}](#sec3-2-2){ref-type="other"}, the expected error of the FRET analysis is estimated for the case where proteins are randomly labeled at two sites which are equally reactive for the donor and acceptor dye. Finally, we discuss the resolution of time-resolved methods limited by the shot noise of the measurement in [Section [3.3](#sec3-3){ref-type="other"}](#sec3-3){ref-type="other"}. Altogether, we provide estimates for the uncertainties of all three error sources (Δ~noise~, Δ~cal~, Δ~model~). These estimated uncertainties combined with the expected resolution limits of time-resolved fluorescence experiments may help for the planning and design of experiments.

3.1. Accuracy and Precision {#sec3-1}
---------------------------

### 3.1.1. Intensity-Based Single-Molecule FRET Studies {#sec3-1-1}

In intensity-based single-molecule FRET (smFRET) measurements we define the experiment as follows: a donor, D, is excited by a "green" light source, G, and the fluorescence emissions of the donor, D, and the corresponding acceptor, A, are detected in "green", G, and "red", R, detection channels, respectively. Using the measured signal intensities of the "green" and "red" detectors, the distance, *R*~DA~, between D and A is determined. Often, the acceptor is also directly excited by a "red" light-source, *R*, so that the brightness of the acceptor can be monitored as a control in the red-detection channel. Direct excitation of A allows for determination of correction factors for absolute FRET efficiencies.^[@ref124]^ This is realized either by an alternating continuous wave laser excitation (ALEX with a pulse length of a microsecond or longer)^[@ref125]^ or by pulsed interleaved excitation (PIE) for time-resolved detection with picosecond resolution.^[@ref126]^ Here, we follow the notion as presented in the introduction: the subscripts describe the excitation and emission, while the superscripts describe the sample. The subscripts are read from right to left, e.g., R\|G denotes red detected signal (**R**\|G) given green excitation (R\|**G**).

The detected red, *S*~R\|G~, and green, *S*~G\|G~, signal intensities have to be distinguished from the ideal (fully corrected) donor, *F*~D\|D~, and acceptor, *F*~A\|D~, fluorescence intensities ([eq [1](#eq1){ref-type="disp-formula"}](#eq1){ref-type="disp-formula"}). First, the detected signals, *S*, are sums of the fluorescence intensities, *I*, and a nonfluorescent background, *B*: *S* = *I* + *B*. Second, the fluorescence intensities of the dyes depend on their excitation cross-section, σ, and the excitation intensity, *L*. Here, dependences of the excitation on the wavelength are not considered, since usually lasers are used in smFRET to excite the sample at a fixed wavelength. In experiments with two-color excitation by a green, G, and red, R, light source, we must consider two distinct cross-sections for D and A, e.g., σ~D\|G~ is the cross-section of the donor for the green light source. Third, not all the molecules in the excited state emit fluorescence. This is considered by the fluorescence quantum yield of the donor, Φ~F,D~, and acceptor, Φ~F,A~. Finally, not all emitted photons are detected by the measurement device. The nonideal detection is accounted for by correction factors for dye and detection channel specific detection efficiencies, *g*. As D and A have distinct fluorescence spectra, and the detection efficiency is wavelength-dependent, the green and the red detector have different detection efficiencies for both dyes. For instance, *g*~G\|D~ is the detection efficiency for the donor (G\|**D**) in the green channel (**G**\|D). Note that the detected signals can also be mixtures of the D and A fluorescence.

Overall, the signal intensity of a DA molecule detected in the channel *Y* (green (G) or red (R) detection) excited by the light source *X* (green (G) or red (R) excitation) is given by

The equation above is valid in the absence of acceptor saturation, i.e., for those cases where the rate constant of acceptor excitation, σ~A\|X~*L*~X~ + *k*~RET~ ≪ *k*~A~, is smaller than the *S*~1~ depopulation rate constant *k*~A~. Additionally, saturation effects due to dark states of the acceptor are not considered. For cyanine dyes, such dark states are important, as two states (a cis- and a trans-state) coexist and only the molecules in the trans-state are fluorescent.^[@ref64]^ Such dark states must be corrected experimentally by scaling the fluorescence quantum yield, Φ~F,A~, by the fraction of molecules, *a*, in the bright trans-state^[@ref83]^ to obtain an apparent fluorescence quantum yield (*a·Φ*~F,A~). Following [eq [32](#eq32){ref-type="disp-formula"}](#eq32){ref-type="disp-formula"}, the detected signal intensities of D and A, respectively, can be written for excitation by two light sources, G and R, in matrix form:

These matrices highlight the effect of the background, excitation, FRET, and detection on the signal intensities. The columns of the matrices correspond to different excitation wavelengths and rows to different detection channels in one-color excitation FRET experiments or different time frames in PIE experiments.

For the case where the donor excitation by the red light source, σ~D\|R~*L*~R~, and the emission cross-talk of the acceptor into the green-detection channel, *g*~G\|A~Φ~F,A~, are negligible, the observed signal *S*~G\|R~ becomes negligible too. Under these conditions, we can introduce four correction parameters, α, β, γ, and η, which are sufficient to determine the FRET efficiency, *E*, by the green and red signal.

The parameter α is a correction factor for the spectral fluorescence cross-talk of the donor (leakage) into the red "acceptor" detection channel. β normalizes the direct acceptor excitation rates in the FRET experiment to that in the PIE experiment, defined by the acceptor excitation cross-sections, σ~A\|G~ and σ~A\|R~, at the green (G) and at the red (R) excitation wavelength, respectively, and the corresponding excitation irradiances \[photons/cm^2^\], *L*~G~ and *L*~R~. γ is a correction factor for the fluorescence quantum yields, Φ~F,D~ and Φ~F,A~, and the detection efficiencies of the green- and the red-detection channel, *g*~G\|D~ and *g*~R\|A~, for the donor and acceptor dyes, respectively. η normalizes the donor excitation rate of the FRET studies to the direct acceptor excitation rate of the PIE experiment defined by the excitation cross-sections for D, σ~D\|G~, and A, σ~A\|R~, respectively, and the direct excitation irradiances \[photons/cm^2^\] *L*~G~ and *L*~R~ for the donor and acceptor at the wavelengths G and R.

Using these parameters, we can convert an experimentally observed intensity *I* (with *I = S -- B*) to a fluorescence intensity, *F*, for computing the FRET efficiency, *E*:^[@ref124]^

The FRET efficiency, *E*, of isotropically oriented dyes with a Förster radius, *R*~0~, separated by a distance, *R*~DA~, is given by

The distance, *R*~DA~, can be expressed as a function of experimentally observable fluorescence intensities and correction parameters:

Note that the uncertainty of *R*~DA~ depends on the correction parameters and the shot noise of the experiment.

In the following, the error contributions of the parameters *α*, *β*, and γ are presented as relative errors of the distance δ~*R*~DA~~ = Δ*R*~DA~/*R*~DA~. Additionally, the shot noise, determined by the number of detected photons, is propagated to an error of the distance, considering the signal intensities and the background signals. These contributions were estimated by standard error propagation, where the total relative error of a DA distance, δ~*R*~DA~~, is given by

The contribution of the parameter γ to the error of *R*~DA~, δ~γ~ = Δ*R*~DA~(Δγ)/*R*~DA~, is given by

![](jp-2017-03441z_m099)

It is important to note that δ~γ~ is independent of the donor fluorescence quantum yield, Φ~F,D~, as the rate constant of energy transfer from D to A is independent of Φ~F,D~. Above, *Δγ*′ and ΔΦ~F,A~ are absolute errors of γ′ and Φ~F,A~, respectively.

Contrary to δ~γ~, the error contributions of the donor emission cross-talk, δ~α~, and the red detector excitation cross-talk, δ~β~, depend on *R*~DA~:

Above, Δα and Δβ are the absolute errors of α and β, respectively.

The number of detected photons follows Poissonian statistics. Hence, to determine the error contribution of the measured signals ( and ) and the nonfluorescent background ( and ), the corrected number of fluorescence photons has to be calculated for a given number of detected photons, *N*. For signal intensities and the integration time, *T*~meas~, of the experiment the total number of detected photons is

A certain number, *N*~B~, of the detected photons is attributed to the nonfluorescent background. Thus, the corrected number of fluorescence photons, *N*~F~, is smaller than the number of detected photons, *N*.

Here, ζ is a distance-dependent function which determines the total number of fluorescence photons:

As the photons are distributed among the "green" and "red" detector, the total number of detected fluorescence photons is distance-dependent. For "large" *R*~DA~, more photons will be detected in the "green" detector, and for "short" *R*~DA~ more photons will be detected in the "red" detector. The total corrected number of fluorescence photons originating from "green" excitation channel, *N*~F\|G~, is given by

Then, the relative error contributions of the green, *δ*~B~G~~, and red background, *δ*~B~R~~, are given by

![](jp-2017-03441z_m109)

Similarly, the error contributions of the green signal, *δ*~S~G~~, and the red signal, *δ*~S~R~~, are

Note that both the error of the background (*δ*~B~G~~ and *δ*~B~R~~) and the error of the signal (*δ*~S~G~~ and *δ*~S~R~~) depend on *R*~DA~.

### 3.1.2. Time-Resolved FRET Studies {#sec3-1-2}

In fluorescence decay measurements, the DA distance, *R*~DA~, is estimated via the FRET rate constant, *k*~RET~ (compare [eq [9](#eq9){ref-type="disp-formula"}](#eq9){ref-type="disp-formula"}). For a given reduced Förster radius, *R*~0,*r*~, the DA distance, *R*~DA~, is obtained via

In [eq [47](#eq47){ref-type="disp-formula"}](#eq47){ref-type="disp-formula"}, *k*~F,D~ is the radiative rate constant of the donor fluorescence. The FRET rate constant, *k*~RET~, is estimated experimentally by the fluorescence lifetime of the donor in the presence of FRET, τ~D(A)~ = *k*~DA~^--1^, and the fluorescence lifetime of the donor in the absence of FRET, τ~D~ = *k*~D~^--1^:

The fluorescence lifetime of the donor in the absence of FRET is determined by a separate reference sample. Hence, the error of the rate constant of energy transfer, Δ*k*~RET~, and thus the uncertainty of the DA distance, Δ*R*~DA~, depends on the uncertainty of donor fluorescence rate constant in the absence, Δ*k*~D~, and presence, Δ*k*~DA~, of FRET:

Following common rules of error propagation, the relative error of *R*~DA~ is given by

In single-photon counting, the variance of *k*~DA~ for *N*~F~ detected fluorescence photons is estimated by:^[@ref47]^

Above, *n* is the number of detection time channels in TCSPC, and *T* is the time-window of the fluorescence decay histogram used to estimate *k*~DA~.

### 3.1.3. Distance-Dependent Uncertainty {#sec3-1-3}

Using [eqs [35](#eq35){ref-type="disp-formula"}](#eq35){ref-type="disp-formula"}--[46](#eq46){ref-type="disp-formula"} for intensity and [eqs [47](#eq47){ref-type="disp-formula"}](#eq47){ref-type="disp-formula"}--[51](#eq51){ref-type="disp-formula"} for time-resolved DA distance measurements (TCSPC), we estimate relative errors . For time-resolved measurements, we use the experimental sample-to-sample variation of the donor fluorescence lifetimes in the absence of FRET (compare [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}C) to define an uncertainty, Δ*k*~D~^--1^, of the reference donor fluorescence lifetime in the absence of FRET. Furthermore, we assume that the width of a "typical" instrumental response function is 0.3 ns, defines the smallest "reasonable" bin width of a fluorescence decay histogram and sets a lower limit of a measurable *R*~DA~ via [eq [51](#eq51){ref-type="disp-formula"}](#eq51){ref-type="disp-formula"}. For intensity-based single-molecule distance measurements by multiparameter fluorescence detection with one-color excitation (MFD-OCE) and MFD with pulsed interleaved excitation (MFD-PIE), we estimate δ~RDA~ using a typical green/red-detection efficiency ratio, fluorescence quantum yields for the donor Alexa488 and the acceptor Alexa647, nonfluorescent background, and cross-talks α and β. We compare the estimated relative errors, δ~*R*~DA~~, of FRET measurements by TCSPC, MFD-OCE, and MFD-PIE in [Figure [11](#fig11){ref-type="fig"}](#fig11){ref-type="fig"}. The minima of δ~*R*~DA~~ (*R*~DA~), located at *R*~DA~/*R*~0~ \< 1.0, emphasize that TCSPC, MFD-OCE, and MFD-PIE have optimal working ranges. For the chosen noise level, calibration/correction parameters, and uncertainties, DA distances are best measured at *R*~DA~/*R*~0~ ≈ 0.80 (MFD-OCE, MFD-PIE) and *R*~DA~/*R*~0~ ≈ 0.65 (TCSPC).

![Relative error of a normalized donor--acceptor distance, δ(*R*~DA~/*R*~0~), depends on the normalized donor--acceptor distance, *R*~DA~/*R*~0~, and a number of experimental parameters. Estimated relative uncertainties δ(*R*~DA~/*R*~0~) of the DA distance, *R*~DA~, for a given number of detected photons, *N*, with dependence of the distance *R*~DA~/*R*~0~ for time-correlated single photon counting (TCSPC), intensity-based measurements by multiparameter fluorescence detection (MFD) with one-color excitation (OCE), and pulsed-interleaved excitation (PIE). On the top the contributions of the shot noise and the relevant calibration/correction parameters (colored solid lines) are shown. The resulting total uncertainty is shown as a dotted line. On the bottom, the distance-dependent scaling of the total uncertainty is shown for a different number of photons. The uncertainties for TCSPC were estimated by [eqs [46](#eq46){ref-type="disp-formula"}](#eq46){ref-type="disp-formula"}--[51](#eq51){ref-type="disp-formula"} using a radiative rate constant of *k*~F,D~ = 0.25 ns^--1^ and a relative error corresponding to the donor fluorescence variation among different protein samples in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"} (τ~D(0)~ = 3.9 ± 0.2 ns). The time-window, *T* = 16 ns, of the fluorescence decay histogram was separated into 53 detection channels resulting in a detection channel width of 0.3 ns (the typical width of an instrument response function in single-molecule (sm) detection). The uncertainties of the MFD-OCE and MFD-PIE measurements were calculated by [eqs [35](#eq35){ref-type="disp-formula"}](#eq35){ref-type="disp-formula"}--[45](#eq45){ref-type="disp-formula"}. In both cases the fluorescence quantum yield of the donor and acceptor were Φ~F,D~ = 0.8 and Φ~F,A~ = 0.3, respectively. In the MFD-OCE and MFD-PIE plots, α = 0.02 ± 0.005, γ′ = 0.8 ± 0.05, and Φ~F,A~ = 0.3. The relative fractions of the nonfluorescent background were *B*~G\|G~/*I*~G\|G~ = 0.02 and *B*~R\|G~/*I*~R\|G~ = 0.01. In MFD-PIE, *B*~R\|R~/*I*~R\|R~ = 0.02, η = 0.02 ± 0.01, and β = 0.3 ± 0.1. In MFD-OCE, ΔΦ~F,A~ = 0.05.](jp-2017-03441z_0009){#fig11}

In TCSPC the smallest "reasonable" bin width limits the shortest measurable DA distance. For a bin width of 0.3 ns, corresponding to the typical fwhm of an IRF in sm-detection, only distances *R*~DA~/*R*~0~ \> 0.45 have an uncertainty smaller than δ~*R*~DA~~ = 0.1. On the other hand, the "longest" possible measurable distance is limited by the uncertainty of the donor reference sample. For the presented example, this upper distance is given by *R*~DA~/*R*~0~ ≈ 1.5 ([Figure [11](#fig11){ref-type="fig"}](#fig11){ref-type="fig"}). As the relative error δ~*R*~DA~~ scales in sixth-degree with *R*~DA~/*R*~0~ ([eq [50](#eq50){ref-type="disp-formula"}](#eq50){ref-type="disp-formula"}), short distances are very well-resolved.

In intensity-based MFD-OCE measurements, the uncertainty of γ limits δ~*R*~DA~~ within a range 0.6 \< *R*~DA~/*R*~0~ \< 1.2. For "long" distances the shot noise and the uncertainty of the cross-talk from the donor to the red detector, Δα, dominate δ~RDA~. MFD-PIE experiments directly monitor the brightness of the acceptor. Therefore, we assume that the relative error of Φ~F,A~ in MFD-PIE is twice as small compared to MFD-OCE. Hence, the contribution of γ to δ~*R*~DA~~ in MFD-PIE is smaller. This comes at the cost of an increased shot noise contribution compared to MFD-OCE, because a smaller fraction of donor photons and FRET-sensitized acceptor photons are registered. Nevertheless, the better-defined Φ~F,A~ outweighs the increased error of the shot noise in the range 0.6 \< *R*~DA~/*R*~0~ \< 1.2. For the presented set of calibration parameters, β (the factor correcting for the acceptor excitation by the green "donor" light source) is only of minor importance.

This comparison demonstrates that TCSPC is particularly strong in resolving "short" distances while intensity-based MFD-OCE and MFD-PIE measurements are better for resolving longer distances. This is particularly true if the spectral cross-talk from the donor to the acceptor is well-controlled. Short distances are very accurately measured by TCSPC as they are nearly independent of the donor reference (compare [eq [50](#eq50){ref-type="disp-formula"}](#eq50){ref-type="disp-formula"}). In intensity-based techniques the error is nearly constant over a large distance range and is mainly limited by the calibration of the instrument and the sample (acceptor fluorescence quantum yield). At the cost of a higher shot noise, such calibration uncertainties may be reduced by MFD-PIE measurements. Alternatively, instruments may be calibrated by "short" distance samples using a combination of TCSPC and MFD-OCE.

3.2. Approximation Error of Homogeneous Models {#sec3-2}
----------------------------------------------

### 3.2.1. Effect of Dye Diffusion {#sec3-2-1}

Due to their convenience, homogeneous models are used even though quenchers near the dye may introduce systematic deviations. We demonstrated for a single exemplary structure ([Figure [10](#fig10){ref-type="fig"}](#fig10){ref-type="fig"}) that a single quencher could introduce position-dependent relative deviations of the average distance in the range −6% to 4%. To test whether these results are generally valid, we present in this section the simulations of 2133 FRET experiments using 500 distinct protein structures and labeling positions. Following the BD simulations, we compare the recovered average apparent distances ⟨*R*~app~⟩ to the average DA distances ⟨*R*~DA~⟩ and account for (1) spatial population density of the dyes due to flexible coupling, (2) transient effects on FRET due to dye diffusion, and (3) dynamic quenching of the donor by aromatic amino acids.

We used the coarse-grained BD simulations as presented in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}B and the experimentally calibrated parameters of Alexa488 and Alexa 647 (see [Figure [8](#fig8){ref-type="fig"}](#fig8){ref-type="fig"}C) to simulate overall 2133 FRET experiments using 500 of the currently best-resolved protein crystal structures (the Top500).^[@ref127]^ For each structure, six labeling positions were chosen at random, and surface inaccessible sites were discriminated, if the volume of an AV of a DA pair was smaller than 3.0% of a typical AV volume of the dye. For each simulation, fluorescence decays of the donor in the absence, , and the presence, , of an acceptor, and the corresponding FRET-induced donor decay, ε~D~(*t*), were calculated by [eqs [29](#eq29){ref-type="disp-formula"}](#eq29){ref-type="disp-formula"} and [10](#eq10){ref-type="disp-formula"}, respectively. With solutions to [eq [20](#eq20){ref-type="disp-formula"}](#eq20){ref-type="disp-formula"}, apparent distance distributions were obtained and compared to the actual DA distance distributions, by their respective means ⟨*R*~app~⟩ and ⟨*R*~DA~⟩. In addition to these averages, the simulated fluorescence quantum yields of the donor in the absence of FRET, were calculated to study its influence on deviations between ⟨*R*~app~⟩ and ⟨*R*~DA~⟩.

As shown in [Figure [12](#fig12){ref-type="fig"}](#fig12){ref-type="fig"}A, the recovered average distance ⟨*R*~app~⟩ and the correct average donor--acceptor distance ⟨*R*~DA~⟩ follow nearly a 1:1 relationship. As highlighted by [Figure [12](#fig12){ref-type="fig"}](#fig12){ref-type="fig"}, ⟨*R*~app~⟩ overestimates ⟨*R*~DA~⟩ in the case of "short" distances (⟨*R*~DA~⟩/*R*~0~ \< 0.9) and underestimates ⟨*R*~DA~⟩ for "long" distances (⟨*R*~DA~⟩/*R*~0~ \> 0.9). We quantify the differences between ⟨*R*~app~⟩ and ⟨*R*~DA~⟩ by the absolute deviation Δ and the relative deviation δ:

![Expected relative error, δ, of the recovered average donor--acceptor distance, ⟨*R*~app~⟩, which was estimated from simulated FRET experiments of diffusing dyes tethered to proteins. This validates the homogeneous FRET model for the analysis of fluorescence decays of flexibly coupled quenched dyes. Fluorescence decays for the currently best-resolved protein structures were simulated using coarse-grained BD simulations and parameters of the donor--acceptor (DA) pair Alexa488/Alexa647 (see [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}). FRET rate constants were calculated using a donor fluorescence lifetime of τ~D~ = 4.0 ns and a Förster radius of *R*~0~ = 52 Å assuming an orientation factor κ^2^*=*^2^/~3~. The average apparent DA distances ⟨*R*~app~⟩ were determined by the FRET-induced donor decay ε~D~(*t*) by solving [eq [20](#eq20){ref-type="disp-formula"}](#eq20){ref-type="disp-formula"}. (A) The obtained ⟨*R*~DA~⟩ values are compared to the recovered ⟨*R*~app~⟩ values. The cyan line corresponds to a 1:1 relationship. The red line describes the empirical relation ⟨*R*~app~⟩ and ⟨*R*~DA~⟩ given by [eq [53](#eq53){ref-type="disp-formula"}](#eq53){ref-type="disp-formula"}. On the top, the relative deviation δ = (⟨*R*~DA~⟩ -- ⟨*R*~app~⟩)/⟨*R*~DA~⟩ is shown. For better comparison, binned deviations are shown. (B) The dependence of the absolute difference Δ = ⟨*R*~DA~⟩ -- ⟨*R*~app~⟩ on the simulated fluorescence quantum yield of the donor Φ~F,D~ is shown. This dependence was characterized by a linear model shown in the inset of the figure. To reduce the noise, the data were binned. The circles and error bars correspond to the average and the standard deviation of each bin, respectively.](jp-2017-03441z_0010){#fig12}

In the simulations, short distances (\< 40 Å) are over-represented, and the distance range relevant for FRET (30--80 Å) is not uniformly sampled. Therefore, we binned the ⟨*R*~app~⟩ in the range from 30 to 65 Å, and compare the mean ⟨*R*~app~⟩ to the mean ⟨*R*~DA~⟩. The relative deviation δ between these averages is shown in [Figure [12](#fig12){ref-type="fig"}](#fig12){ref-type="fig"}B. Overall, δ does not exceed 4%. However, as already evident by [Figure [12](#fig12){ref-type="fig"}](#fig12){ref-type="fig"}A and highlighted by [Figure [12](#fig12){ref-type="fig"}](#fig12){ref-type="fig"}B, the deviation between ⟨*R*~DA~⟩ and ⟨*R*~app~⟩ is *systematic*. We quantified these deviations by fitting them with a second-order polynomial. This allowed us to directly relate ⟨*R*~DA~⟩ to ⟨*R*~app~⟩ and *vice versa*:

This conversion function minimizes systematic deviations (see [Figure [15](#fig15){ref-type="fig"}](#fig15){ref-type="fig"}B) and reduces the anticipated relative error from ∼2.0% (uncorrected) to ∼1.5% for the presented case.

To reveal potential correlations between Δ = ⟨*R*~DA~⟩ -- ⟨*R*~app~⟩ and Φ~F,D,~ the same procedure was applied. Φ~F,D~ was binned in the range 0.34--1.0. For each Φ~F,D~ bin, Δ and the standard deviation of Δ was calculated. The outcome of this procedure reveals a clear (nearly linear) dependence of Δ on Φ~F,D~ ([Figure [12](#fig12){ref-type="fig"}](#fig12){ref-type="fig"}B). This dependency demonstrates that ⟨*R*~app~⟩ overestimates ⟨*R*~DA~⟩ for strongly quenched dyes ( = 0.34) by less than 2 Å.

To sum up, a static homogeneous model applied to flexibly coupled mobile dyes recovers average DA distances with surprisingly high accuracy (δ \< 0.025 for 0.7 \< ⟨*R*~DA~⟩/*R*~0~ \< 1.1). Furthermore, dynamic quenching only plays a minor role; i.e., even for strongly quenched donor dyes (Φ~F,D~ = 0.4) only deviations of Δ = −1.6 Å are anticipated.

### 3.2.2. Effect of Labeling Symmetry {#sec3-2-2}

In FRET measurements between a single donor, D, and acceptor, A, the distribution of D and A between the two possible labeling sites of a protein is often unknown, as both dyes are attached by the same labeling chemistry. Consequently, two cases for a FRET sample must be distinguished. The first case refers to the sample DA, where D is attached to the first labeling position, and the second case refers to the sample (AD) where D is attached to the second position. In each labeling site, the dyes may be specifically quenched by the protein and may sample positions within distinct sterically accessible volumes. Therefore, the DA and AD labeled species could have distinct fluorescence properties and FRET rate constant distributions introducing additional uncertainties. The fluorescence decay of a mixture of DA and AD species, {AD}, is given by

Here, the species fraction *x*^(DA)^ determines the fraction of the DA species. Ideally, is analyzed by two independent FRET-induced donor decays and for the DA and AD species, and the initially unknown fraction *x*^(DA)^ is determined. However, by considering two distinct molecular species, the number of unknown parameters significantly increases. Therefore, in practice and are often approximated by a single average decay function, ε~D~(*t*):

For the three dyes Alexa Fluor 647 C2 maleimide (Alexa647), Alexa Fluor 488 C5 maleimide (Alexa488), and BodipyFL C1 maleimide (BodipyFL) and the dye pairs Alexa488/Alexa647 and BodipyFL/Alexa647, we assess the error of this approximation by comparing simulated distance distributions of DA and AD species.

The dye pairs Alexa488 and Alexa647 have linkers of comparable length (∼20 Å) whereas the linker of BodipyFL is significantly shorter (∼10 Å). Therefore, the sterically allowed spaces of Alexa488 and Alexa647 are very similar, and the sterically allowed space of BodipyFL is considerably smaller. This is visualized for a pair of labeling sites in [Figure [13](#fig13){ref-type="fig"}](#fig13){ref-type="fig"}A. Distance distributions *x*(*R*~DA~) for both species are calculated ([Figure [13](#fig13){ref-type="fig"}](#fig13){ref-type="fig"}B). In a direct comparison, the distance distributions of the DA and the AD species are merely indistinguishable. This suggests that and can be approximated by a joint decay ε~D~(*t*).

![Deviation of the distance distribution between a donor, D, and an acceptor, A, for the two possible combinations DA and AD was studied to assess the error of a random labeling. The effect of labeling symmetry on the expected distance distributions evaluated by the accessible volume (AV) simulations (see [Supporting Information, Note S3](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)). (A) AVs of Alexa488/Alexa647- and BodipyFL/Alexa647-dye pairs attached to the amino acids Q344C/A496C of a hGBP1 protein structure (PDB-ID: 1DG3). (B) The resulting distance distributions *x*(*R*~DA~) and mean distances ⟨*R*~DA~⟩. (C) Comparison of both possible average distances for a set of large protein structures (with more than 360 amino acids). The average distances ⟨*R*~DA~⟩ = ^1^/~2~(⟨*R*~DA~^(DA)^⟩ + ⟨*R*~DA~^(AD)^⟩) are plotted vs their deviation Δ = ⟨*R*~DA~^(DA)^⟩ + ⟨*R*~DA~^(AD)^⟩ in a two-dimensional histogram for a random set of fluorophore pairs for Alexa488/Alexa647 (red). The histograms to the side and the top are the projections of the respective axes. For the dye pair BodipyFL/Alexa647 only a histogram of Δ is shown (green).](jp-2017-03441z_0011){#fig13}

To assess this approximation in more depth, we simulated AVs using a large a set of distinct protein structures (5592) with at least 360 amino acids in the chain and a minimum resolution of 1.8 Å (see [Supporting Information, Note S3](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)). These protein structures were selected from the Protein Data Bank using the software PDBselect.^[@ref128]^ For each structure, at least 180 random FRET pairs were chosen, and all possible AVs were calculated. Inaccessible and poorly accessible labeling positions were excluded, by a threshold criterion based on the size of the accessible volume (AV) as described above ([Section [3.2.1](#sec3-2-1){ref-type="other"}](#sec3-2-1){ref-type="other"}).

This procedure resulted in overall ∼50 000 FRET pairs for both dye pairs. For all FRET pairs the distance distribution of the DA and AD species and their average distances and were calculated. These averages are compared in [Figure [13](#fig13){ref-type="fig"}](#fig13){ref-type="fig"}C by the average and the deviation . This expected deviation Δ between and species is especially small (∼0.8 Å) for the fluorophore pair Alexa488/Alexa647 with similar linker lengths. Bigger deviations (∼2.5 Å) were found for the fluorophore pair BodipyFL/Alexa647 with linker lengths differing by 50%. These results suggest that the labeling symmetry is generally only of minor importance for freely diffusing dyes that weakly interact with their host molecule.

3.3. Statistical Resolution of Time-Resolved Measurements {#sec3-3}
---------------------------------------------------------

### 3.3.1. Model and Statistical Uncertainty Estimates {#sec3-3-1}

The effects discussed above are only of practical relevance if the quality of the experiment is sufficiently high, meaning that the error, given in TCSPC by the photon shot noise, is sufficiently low. The errors of derived parameters can be determined by exhaustive sampling the model parameter space.^[@ref7],[@ref129]^ However, to stress fundamental limitations, we estimate the statistical errors for a simple distance distribution with a given noise level of the experiment, and ask under which conditions the underlying parameters are still resolvable that define this distribution.

In this section we consider the simplest possible model with two fluorescent species with equal fractions sharing a common fluorescence lifetime, , of the donor in the absence of FRET and characterized by two distinct DA distances, *R*~DA~. The corresponding distance distribution is given by two δ-peaks located at the expectation values and . The corresponding expected donor fluorescence decay of such a system is given by

Using this model, we address the following questions: (1) How many photons have to be measured to determine and (or Δ*R*~DA~) with a given confidence? (2) Beyond which upper limit of is no other second longer distance able to be resolved?

To answer these questions, we estimate the statistical variances for this model using the Cramér--Rao inequality which states that the standard deviation cannot be smaller than a well-defined limit given by the inverse of the Fisher information matrix (FIM):

Here, , , and are the variance and the covariance of and , respectively. and are independent of the number of counted fluorescence photons, *N*~F~. Therefore, their variances and covariances scale with 1/*N*~F~, and their expected variances can be estimated *a priori*. Note that we report the variances of , by their respective relative *standard* errors ().

To discuss this model for practically relevant cases, we determined the variances and covariances of the model parameters estimates and in [eq [56](#eq56){ref-type="disp-formula"}](#eq56){ref-type="disp-formula"} numerically (see [Supporting Information, Note S4](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf), discussion of the estimation of statistical errors). In addition, we computed the variance of the difference to quantify their separability, *S* = δ(Δ*R*~DA~)^−1^. We considered fluorescence decays with *N*~F~ = 10^6^ counted photons in a time-window *T* = 50 ns for the fluorescence decay histogram assuming a dye pair with a Förster radius of *R*~0~ = 50 Å and a donor fluorescence lifetime of *k*~D~^--1^ = 4 ns.

The dependence of the relative errors of the parameter estimates , and on the first distance (in relative fractions of *R*~0~) is displayed by isolines in [Figure [14](#fig14){ref-type="fig"}](#fig14){ref-type="fig"}A. We define a parameter estimate as "reliable", if its relative standard error δ is smaller than 0.5. This criterion corresponds to a confidence level of 68%. Isolines for this criterion ([Figure [14](#fig14){ref-type="fig"}](#fig14){ref-type="fig"}A, white lines) are overlaid for comparison as colored lines in a joint plot ([Figure [14](#fig14){ref-type="fig"}](#fig14){ref-type="fig"}B). These isolines partition the parameter space into four regions: In region i, all three parameters (, , and ) are resolved. In region ii, only the distances , are reliably estimated. In region iii, only the shorter distance is reliably determined, meaning that the distance distribution is only partially resolved, and low-FRET species cannot be distinguished from non-FRET species. Finally, in region iv, no parameter is resolved. The isolines of and do not exceed certain values of and thus define limiting distances ([Figure [14](#fig14){ref-type="fig"}](#fig14){ref-type="fig"}B, vertical lines). We refer to these limits as and . If , the difference *ΔR*~DA~ is uncertain. If , *neither ΔR*~DA~*nor* is resolved. The dependencies of these limiting distances on the number of detected photons are presented in [Figure [14](#fig14){ref-type="fig"}](#fig14){ref-type="fig"}C.

![Considering the simplest bimodal model with two discrete distances, the distance resolution of time-resolved fluorescence measurements is limited by the shot noise of the experiment. Statistical error estimates of a two-distance model described by [eq [56](#eq56){ref-type="disp-formula"}](#eq56){ref-type="disp-formula"} with distances and , fluorescence lifetime τ~D(0)~ = 4 ns, and a time-window of 12.5τ~D(0)~. (A) Relative standard error δ per 10^6^ photons of the distances (blue, left), (green, middle), and their difference *ΔR*~DA~ (red, right). White lines are isolines δ = 0.5 (also shown at panel D). (B) Isolines of δ(^)^) = 0.5 (blue line), δ() = 0.5 (green line), and δ(*ΔR*~DA~)=0.5 (red line) for 10^6^ counted photons (the same as white lines at panel A). The isolines partition the parameter space in four regions: (i) All three parameters are resolved. (ii) The distances , can be reliably determined while the relative standard error of their difference δ(*ΔR*~DA~) increases above value 0.5. (iii) Only the shorter distance is reliably estimated. The distance distribution is only partially resolved, and the species with small FRET rate constant cannot be distinguished from non-FRET species. (iv) None of the parameters is resolved. The vertical lines indicate limiting distances of the region i (red) and of the region ii (green). (C) Dependence of the limiting distances and on the number of detected photons.](jp-2017-03441z_0012){#fig14}

### 3.3.2. Correlations between Estimated Distances {#sec3-3-2}

To understand the significant difference between the two limiting distances and why in region ii and are resolved while Δ*R*~DA~ is unresolved, the correlation between the parameter estimates should be considered. According to error propagation rules, the standard error of Δ*R*~DA~ may vary between , if the estimates of and are fully correlated, and , if the estimates of and are anticorrelated. We found that, for the most experimentally interesting combinations of the parameters and , the estimates are highly anticorrelated, i.e., the corresponding Pearson's correlation coefficient, , tends to −1) (see [Figure [15](#fig15){ref-type="fig"}](#fig15){ref-type="fig"}A). Consequently, the second limit applies that predicts large errors of Δ*R*~DA~. This correlation means that the estimates of and are dependent on each other; i.e., if is underestimated, will be most probably be overestimated and *vice versa*. The effect of such an anticorrelation is illustrated in [Figure [15](#fig15){ref-type="fig"}](#fig15){ref-type="fig"}B for a Gaussian approximation of a two-dimensional probability distribution . The standard deviations of and are the widths of the marginal distributions obtained by a projection of 2D distribution to the corresponding axes.

![Distances estimated by time-resolved fluorescence measurements for the simplest bimodal model of two discrete distances are highly correlated. (A) Correlation coefficients . (B, left) The 2D probability distribution function (counterfeit normal) of observed estimates of parameters , for expectations , . (B, right) The marginal (1D projections) probability distribution functions of estimations of (blue), (green), and the probability distribution functions of Δ*R*~DA~ estimation (red, shifted for comparison) for 4 sets of expected parameters marked by circles in [Figure [14](#fig14){ref-type="fig"}](#fig14){ref-type="fig"}A,B and here in panel A. Indices (i, ii, iii) correspond to the regions defined in [Figure [14](#fig14){ref-type="fig"}](#fig14){ref-type="fig"}B.](jp-2017-03441z_0013){#fig15}

### 3.3.3. Using the Correlation between Model Parameters {#sec3-3-3}

If the fluorescence decays are analyzed in a traditional manner by using a mathematical model, the influence of increasing on the resolution of distance pairs (cases i--iii) can be directly visualized by plotting the corresponding marginal error distributions ([Figure [15](#fig15){ref-type="fig"}](#fig15){ref-type="fig"}B, right). However, due to anticorrelation, these marginal distributions do not allow us to analyze the joint distribution . This limitation can be overcome by directly exploiting the correlation between the model parameters via a joint pdf as displayed for two distances in [Figure [15](#fig15){ref-type="fig"}](#fig15){ref-type="fig"}B, left. Furthermore, if either structural considerations, i.e., prior structural knowledge or global analysis of multiple fluorescence decays, reduce the parameter space of either or , the remaining parameter is better resolved. This stresses the importance of considering the nonzero covariance for precise analysis of fluorescence decays and clarifies why global analysis of multiple fluorescence decays harbors potential to improve the overall resolution.

### 3.3.4. Planning FRET Experiments {#sec3-3-4}

Statistical uncertainties and correlations between model parameters can be estimated by [Figures [14](#fig14){ref-type="fig"}](#fig14){ref-type="fig"}Α and [15](#fig15){ref-type="fig"}A for given expectation values. Hence, the presented graphs can be used to plan experiments. For example, given expectation values of , Δ*R*~DA~*=* 0.2*R*~0~, the relative standard errors for 10^6^ counted photons are , , , and correlation coefficient . The errors for any other number of counted photons, *N*~F~, can be obtained by dividing the reported values by the factor . Using the presented dependence of the two limits and on the number of counted photons in [Figure [14](#fig14){ref-type="fig"}](#fig14){ref-type="fig"}C, the limiting resolvable distances can be estimated. First, this plot reveals that the limiting resolvable distances scale only weakly (nearly logarithmically) with the number of photons. Second, the resolution of the width of distance distribution (given by for our simple bimodal model) requires 1--2 orders of magnitude more counted photons. Considering larger distances with , at least 10^6^ photons have to be detected to be able to estimate all parameters of our model system, whereas for smaller distances with this is already achieved with 10^4^ detected photons, i.e., within 0.1 s at a detection count rate of 100 kHz of a typical confocal single-molecule experiment. This confirms the observations for the TSCP experiments in [Section [3.1](#sec3-1){ref-type="other"}](#sec3-1){ref-type="other"} ([Figure [11](#fig11){ref-type="fig"}](#fig11){ref-type="fig"}, left panel), that precision of time-resolved measurements decreases strongly for interdye distances \>1.2*R*~0~. Considering case i (all three parameters (, and Δ*R*~DA~ are resolved), practical limits for the measurements of large interdye distances are recognized. For example, for case ii (only the distances , are resolved) two orders of magnitude more photons have to be detected to resolve compared to .

###### Used Symbols and Their Definitions
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Finally, let us note that the presented values are lower bounds of the real error. In practice, the errors will be bigger if the fractions of components need to be determined and further experimental nuisances are considered.

4. Summary and Outlook {#sec4}
======================

We presented an analysis method for time-resolved FRET measurements which rationalizes the global analysis of the donor fluorescence decays and the use of reference measurements. We introduced the concept of the FRET-induced donor decay ([Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}) that allows us to directly resolve heterogeneities and visualize donor--acceptor distance distributions ([Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}). This significantly facilitates the communication of experimental results to nonexperts. We quantified the effect of systematic errors due to inappropriate reference samples, statistical uncertainties due to shot noise, and the influence of dynamic donor quenching on recovered donor--acceptor distances. We found that potential systematic errors and statistical errors are the main error source. Therefore, a precise characterization of the reference sample is mandatory.

To account for potential correlations between FRET rate constants and the reference donor lifetimes in the absence of FRET, we presented a framework for a more accurate analysis ([Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}) using refined dye models.^[@ref77]^ In practice, such correlations are often unknown. This introduces ambiguities to the interpretation of the fluorescence decays. A fast coarse-grained BD simulation approach ([Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}) which describes dye diffusion and PET in the nanosecond regime potentially solves such ambiguities by relating structural models with fluorescence observables. Using such introduced fast simulations, we demonstrated that such correlations are negligible for the flexibly coupled dyes attached to proteins in a single conformation.

In future, integrative modeling combining fast numerical simulations of fluorescence observables may allow for high precision quantitative structural models of proteins based on FRET and PET. Alternatively, as the simple relations between the average recovered distance and the average distance (see [eq [52](#eq52){ref-type="disp-formula"}](#eq52){ref-type="disp-formula"}) suggest, dye diffusion could be explicitly accounted in the analysis using a transfer-matrix which converts apparent distance distributions *x*(*R*~app~) into donor--acceptor distance distributions *x*(*R*~DA~). All equations presented apply for cases of low excitation in the absence of acceptor saturation. Given strong excitation, the acceptor saturation has to be considered.^[@ref78]^ However, recent measurements indicate that for dye pairs such as Alexa488/Alexa594 excited-state annihilation is considerable so that the power dependence is reduced.^[@ref130],[@ref131]^ Therefore, the presented methods may also apply to single-molecule measurements recorded at high excitation power.

Similar to NMR spectroscopy where a deep understanding of the underlying physics is key to distilling observables reporting on molecular properties of interest from the measured signal, a better molecular understanding of the physical dyes' properties combined with simulations of molecular detail and microscopic techniques will harness the rich information provided by fluorescence measurements at a higher level of detail. A number of parameters and processes exist for both spectroscopies, which have a similar information type, if the different distance dependencies around the probe (nucleus or dye label) are taken into account. Illustrative examples for NMR--fluorescence analogies are (1) dipolar coupling (nuclear Overhauser effect (NOE)--FRET), (2) conformational dynamics in the millisecond time scale (relaxation dispersion experiments^[@ref132]^--dynamic photon distribution analysis (dynPDA,^[@ref31]^)), and (3) unique information on the local probe environment (chemical shift--fluorescence quenching). Such developments will render fluorescence spectroscopy an indispensable tool for integrative structural modeling because dynamic information with subnanosecond time resolution on biomolecules can be obtained *in vitro* and in live cells. Since fluorescence information is sparse, a combination with molecular simulations, often referred to as "computational microscopy",^[@ref133]^ and high-resolution structural data is particularly fruitful.

Moreover, these spectroscopic methods can be combined with super-resolution microscopy, in particular stimulated emission depletion (STED) microscopy,^[@ref134],[@ref135]^ and with high-resolution structural data (e.g., cryoEM and crystallography) to realize molecular fluorescence microscopy that allows localizing biomolecular systems in live cells and describing biomolecular dynamics by structural models. These recent methodological and technical advances in fluorescence spectroscopy and microscopy as well as in multiscale modeling of complex biochemical systems set the stage to tackle cross-fertilizing challenges in biophysics, biochemistry, and cell biology.

Abbreviations {#sec5}
=============

Methods and Processes {#ba-sec1}
---------------------

FRET, Förster resonance energy transfer; PET, photoinduced electron transfer; TCSPC, time-correlated single photon counting; IRF, instrument response function; pdf, probability density function; MD, molecular dynamics; AV, accessible volume simulation; BD, Brownian dynamics simulations

Theory and Analysis {#ba-sec2}
-------------------

[Table [2](#tbl2){ref-type="other"}](#tbl2){ref-type="other"} shows symbols used and their definitions.

The Supporting Information is available free of charge on the [ACS Publications website](http://pubs.acs.org) at DOI: [10.1021/acs.jpcb.7b03441](http://pubs.acs.org/doi/abs/10.1021/acs.jpcb.7b03441).Tables of fluorescence lifetime components of Alexa647 ([Table S1](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)) and Alexa488 ([Table S2](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)) which are shown graphically in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}, a table of PDB-IDs of structural models used for the BD simulations ([Table S3](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)), details on the decay analysis by normally distributed distances ([Note S1](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)), a brief discussion of a time-dependent yield of the FRET process ([Note S2](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)), and details of accessible volume simulations ([Note S3](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)) and statistical error estimations by the Cramér--Rao inequality ([Note S4](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf)) ([PDF](http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.7b03441/suppl_file/jp7b03441_si_001.pdf))
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